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Abstract
We perform a comprehensive study of on-shell recursion relations for Born am-
plitudes in spontaneously broken gauge theories and identify the minimal shifts
required to construct amplitudes with a given particle content and spin quantum
numbers. We show that two-line or three-line shifts are sufficient to construct all
amplitudes with five or more particles, apart from amplitudes involving longitu-
dinal vector bosons or scalars, which may require at most five-line shifts. As an
application, we revisit selection rules for multi-boson amplitudes using on-shell
recursion and little-group transformations.
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1 Introduction
The development of on-shell recursion relations of Born amplitudes in gauge theories by
Britto, Cachazo, Feng, and Witten (BCFW) [1, 2] has motivated an approach to Quan-
tum Field Theory that aims at the construction of amplitudes solely in terms of on-shell
building blocks. For massless theories, space-time symmetries and factorization properties
are sufficient to fix the structure of three- and four-point amplitudes and to establish the
uniqueness of non-abelian gauge theories [3]. The three-point vertices serve as input to
the BCFW recursion relations, which are based on a continuation of amplitudes into the
complex plane by a complex shift of two external momenta. This provides a purely on-shell
construction of Born amplitudes in unbroken gauge theories. The on-shell constructibility
of gauge theories with general matter content or of Effective Field Theories was investigated
using generalizations of the BCFW construction to shifts of more than two legs [4–6].
Concerning theories with massive particles, symmetry constraints on three-point am-
plitudes were obtained using supersymmetry [7,8] and little-group transformations [9,10].
More recently, this analysis was simplified using a manifestly little-group covariant no-
tation for massive amplitudes [11]. The uniqueness of four-point amplitudes can be ar-
gued to arise from factorization properties and consistency with the high-energy limit [11].
This line of argument is expected to reproduce the classic results on the uniqueness of
SBGTs [12–14] within an on-shell approach. All three-point vertices and amplitudes for
some three- and four-body decays in the electroweak Standard Model (SM) were con-
structed using this formalism [15,16], while all three-point vertices including contributions
from higher-dimensional operators were obtained in [17].
In the current paper we investigate the on-shell constructibility of higher-point Born
amplitudes in SBGTs. After initial explorations of BCFW recursion for amplitudes with
massive particles [18–22], it was shown that amplitudes in QCD with massive quarks can be
constructed using at most three-line shifts [23] whereas the on-shell constructibility of am-
plitudes in massive, power-counting renormalizable theories using all-line shifts was proven
in [4]. The constructibility of massless amplitudes with the matter content of SBGTs us-
ing at most five-line shifts was demonstrated in [5]. We extend this analysis to the broken
phase and show that all amplitudes involving at least two transverse vector bosons can
be constructed using three-line shifts, while amplitudes with longitudinal vector bosons or
scalars may require four- or five-line shifts. This requires the analysis of the behaviour of
amplitudes for large values of the parameter z, which parameterises the complex contin-
uation of the amplitude. Because of the analogy of the large-z limit with a high-energy
limit [24], it is anticipated that the result of [5] carries over to the broken phase. However,
in the analysis of massive amplitudes we encounter several technical complications com-
pared to the massive case. In particular, obtaining shifts with a “good” large-z behaviour
appears to make it necessary to break manifest little-group covariance by introducing a
fixed spin axis. This requires a careful analysis to ensure that amplitudes for arbitrary
spin configurations can be constructed recursively. Furthermore the violation of helicity
selection rules by mass terms can lead to contributions to amplitudes with a worse large-z
behaviour than in the massless case.
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The paper is structured as follows. In Section 2 the little-group covariant spinor for-
malism for massive particles [11] is reviewed and related to expressions for Dirac spinors
and polarization vectors for a fixed spin axis. In Section 3 a systematic discussion of shifts
of massive momenta is given, generalizing the extended Risager [25] and BCFW-type shifts
used in [5] to the massive case. After initially constructing shifts of momenta and wave-
functions in a little-group covariant form, a suitable choice of spin axes leads to a similar
z-dependence of wave functions as in the massless case. All the required shifts with two
to five legs are constructed explicitly. The large-z behaviour of amplitudes in SBGTs is
established in Section 4. These results are used in Section 5 to identify the minimal num-
ber of shifted lines needed to construct a given amplitude. As an application, in Section 6
selection rules for amplitudes with massive vector bosons are derived using recursion re-
lations and little-group transformations, providing a new perspective on results obtained
using diagrammatic analysis [26] or supersymmetry [8]. Details on the employed spinor
conventions and explicit expressions for little-group transformations changing the spin axis
are given in Appendices A and B, respectively. Recursion relations with non-lightlike shifts
of internal lines are briefly discussed in Appendix C.
2 Spinor formalism for massive particles
In this section the conventions for the momenta and wave-functions of massive particles
are set up, relating the little-group covariant notation introduced recently in [11] to the
conventions used previously for on-shell recursion relations for massive quarks [23]. The
use of little-group transformations to relate wave-functions with different spin quantum
numbers is also discussed.
2.1 Spinor variables for massive momenta
At the heart of the spinor-helicity method is the observation that the complex two-by-two
matrix kαα˙ = kµσ
µ
αα˙ associated to a light-like momentum factorizes into a product of two-
component Weyl spinors in the two inequivalent fundamental representations of SL(2,C),
kαα˙ = kαkα˙, (2.1)
where we refer to the spinors kα ∈ D( 12 ,0) as holomorphic and the spinors in the conjugate
representation kα˙ ∈ D(0, 12 ) as anti-holomorphic. Our Weyl-spinor conventions follow [23]
and are summarized in Appendix A. Similarly, a massive momentum satisfying the on-shell
condition
kαα˙k
α˙β = m2δβα (2.2)
can be expanded in a basis of two holomorphic and two anti-holomorphic spinors. Various
approaches have been followed in the literature, e.g. introducing fixed spin vectors [27] or
using helicity eigenstates [28].
A notation that makes the transformation properties of spinor variables under the
little group SU(2) of massive momenta manifest was introduced in [11]. In this notation,
2
a massive momentum is parameterized as
kαα˙ = k
I
αkα˙,I = k
I
αk
J
α˙εJI , k
α˙α = kα˙I k
α,I = kα˙I k
α
J ε
IJ , (2.3)
where the two-component little-group indices I are raised and lowered with the two-
dimensional antisymmetric tensor. Using the same conventions as for un-dotted Weyl-
spinor indices in (A.3), these relations read
kIα = ε
IJkα,J , kα,J = k
I
αεIJ , ε
IJ = εIJ =
(
0 1
−1 0
)
, (2.4)
with identical definitions for the anti-holomorphic spinors.
The massive spinor variables can be chosen to satisfy the SU(2) and SL(2,C) covariant
normalization conventions
〈kIkJ〉 = mεIJ , [kIkJ ] = −mεIJ , (2.5)
kIαkβ,I = mεαβ, k
I
α˙kβ˙,I = mεα˙β˙. (2.6)
Holomorphic and anti-holomorphic spinors are related by the Dirac equations
kαα˙k
α˙
I = −mkα,I , kα˙αkIα = −mkα˙,I . (2.7)
In the construction of the complex continuation of scattering amplitudes we will be
forced to break manifest little-group covariance and fix a particular basis for the decompo-
sition of the momenta, as in earlier work on on-shell recursion for massive momenta [23].
In this reference a fixed, light-like reference momentum q is used to decompose a massive
momentum into a sum of two light-like vectors,
kµ = k[;µ +
m2
2(q · k)q
µ. (2.8)
The associated holomorphic and anti-holomorphic Weyl spinors k[α, qα and k
[
α˙, qα˙ provide a
particular example of a basis for the expansion of a massive momentum, which corresponds
to the choice
k1α = k
[
α, k
2
α =
m
〈k[q〉qα,
kα˙,1 = k
[
α˙, kα˙,2 =
m
[qk[]
qα˙
(2.9)
in the little-group covariant expressions. External wave-functions of massive particles can
be defined as eigenstates of the corresponding spin operators with respect to the spin vector
nµq =
kµ
m
− mq
µ
q · k , (2.10)
as discussed e.g. in [8].
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2.2 Little-group transformations
By definition, little-group transformations R ∈ SU(2) of the Weyl spinors,
kI → k′I = RIJkJ , kI → k′I = −RIJkJ , (2.11)
leave the momenta (2.3) invariant. These definitions hold both for dotted and undotted
SL(2,C) indices, which have been suppressed. Note that spinors with lower little-group
indices transform in the dual representation with the transformations
(RT
−1
)I
J = (ε−1)IKRKLεLJ = −RIJ , (2.12)
where indices of the little-group rotations are raised and lowered with the convention (2.4).
Infinitesimal little-group transformations,
RIJ = δ
I
J + ω
I
J + . . . , (2.13)
are parameterized by three parameters in the symmetric matrix ωIJ = ωJI . The action of
infinitesimal little-group transformations on functions of the spinor variables of a momen-
tum k induces a representation of the Lie algebra of the little group,
δϕ(kIα, k
I
α˙) = ϕ(k
′I
α , k
′I
α˙ )− ϕ(kIα, kIα˙) = −ωIJ(Jk)J Iϕ+O(ω2), (2.14)
with the differential operators [9, 10]
(Jk)
J
I = −
(
kJα
∂
∂kIα
+ kJα˙
∂
∂kIα˙
)
. (2.15)
For the determination of spin eigenstates for a fixed spin axis it is useful to form the linear
combinations
J−k ≡ (Jk)12 =
(
−〈k
[q〉
m
k[α
∂
∂qα
+
m
[qk[]
qα˙
∂
∂k[α˙
)
, (2.16a)
J0k ≡
1
2
((Jk)
1
1 − (Jk)22) = −1
2
(
k[α
∂
∂k[α
− qα ∂
∂qα
− k[α˙
∂
∂k[α˙
+ qα˙
∂
∂qα˙
)
, (2.16b)
J+k ≡ (Jk)21 =
(
− m〈k[q〉qα
∂
∂k[α
+
[qk[]
m
k[α˙
∂
∂qα˙
)
. (2.16c)
These operators satisfy the commutation relations
[J0k , J
±
k ] = ±J±k , [J+k , J−k ] = 2J0k , (2.17)
which show that J±k serve as raising and lowering operators for the eigenstates of J
0
k .
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2.3 Massive fermions
Solutions to the massive Dirac equation for particle spinors and their conjugates,
(/k −m)u(k) = 0, u¯(k)(/k −m) = 0, (2.18)
can be constructed in the little-group covariant notation as
uI(k) =
(
kIα
−kα˙,I
)
, u¯I(k) =
(
kαI , kα˙,I
)
. (2.19)
Up to different sign conventions these expressions agree with those of [29] where it is
shown that they form helicity eigenstates. They satisfy the conventional completeness and
normalization conditions due to the properties of the two-component spinors (2.6):
uI(k)u¯I(k) =
(
kIαk
β
I k
I
αkβ˙,I
−kα˙,IkβI −kα˙,Ikβ˙,I
)
=
(
mδβα kαβ˙
kα˙β mδα˙
β˙
)
= /k +m, (2.20)
u¯I(k)u
J(k) = 〈kIkJ〉 − [kIkJ ] = 2mδJI . (2.21)
The little-group transformation of the Dirac spinors follows from the index positions,
uI → RIJuJ , u¯I → −u¯JRIJ . (2.22)
Using the translation (2.9) it is seen that the Dirac spinors (2.19) are related to expressions
for a fixed spin axis in the conventions of [8] by the correspondence
u(k, 1
2
) = u2(k) =
( m
〈k[q〉qα
k[;α˙
)
, u(k,−1
2
) = u1(k) =
(
k[α
− m
[qk[]
qα˙
)
,
u¯(k, 1
2
) = u¯1(k) =
(
− m〈k[q〉qα, k[α˙
)
, u¯(k,−1
2
) = u¯2(k) =
(
k[;α, m
[qk[]
qα˙
)
.
(2.23)
Suitable expressions for the corresponding antiparticle spinors are given by
vI(k) =
(
kα,I
kα˙I
)
, v¯I(k) =
(
kα,I ,−kIα˙
)
, (2.24)
which are identified with the expressions for a fixed spin axis as
v(k, 1
2
) = v1(k) =
(− m〈k[q〉qα
k[;α˙
)
, v(k,−1
2
) = v2(k) =
(
k[α
m
[qk[]
qα˙
)
,
v¯(k, 1
2
) = v¯2(k) =
(
m
〈k[q〉q
α, k[α˙
)
, v¯(k,−1
2
) = v¯1(k) =
(
k[;α,− m
[qk[]
qα˙
)
.
(2.25)
The spinors u¯(k, s) and v(k, s) describe outgoing particles and antiparticles with spin quan-
tum number s, while u(k, s) and v¯(k, s) describe incoming particles and antiparticles with
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reversed spin label. For the Weyl-spinor conventions of Appendix A the behaviour of
spinors under a reversal of the momentum is given by
v(−k, s) = i sgn(k0 + k3)u(k, s), v¯(−k, s) = i sgn(k0 + k3) u¯(k, s). (2.26)
A change of the spin axis corresponds to a little-group rotation of the Dirac spinors,
u′(s′) =
∑
s=±1
2
R(
1
2
)
s′s u(s), u¯
′(s′) =
∑
s=±1
2
u¯(s)R(
1
2
)−1
ss′ (2.27)
where the matrix R( 12 ) is given explicitly in (B.4) in Appendix B.
The Dirac spinors are eigenstates of the generators J0,
J0ku(k, s) = s u(k, s), J
0
kv(k, s) = sv(k, s), (2.28)
and related by the action of J± in (2.16),
J±k u(k,±12) = 0, J±k u(k,∓12) = −u(k,±12),
J±k v(k,±12) = 0, J±k v(k,∓12) = v(k,±12), (2.29)
which are the expected relations for angular-momentum ladder operators up to a non-
standard phase convention for the particle spinors.
2.4 Massive vector bosons
Polarization vectors of massive spin one particles transform under the three-dimensional
representation of the little group and can be described by symmetric bi-spinors,

(IJ)
αα˙ (k) =
1√
2m
k(Iα k
J)
α˙ =
1√
2m
(
kIαk
J
α˙ + k
J
αk
I
α˙
)
. (2.30)
These satisfy the transversality, orthonormality, and completeness relations
kα˙α
(IJ)
αα˙ = 0, (2.31)

(IJ)
αα˙ 
(KL)α˙α =
(
εILεJK + εJLεIK
)
, (2.32)

(IJ)
αα˙ 
β˙β
(IJ) =
(
δβαδ
β˙
α˙ −
kβ˙αk
β
α˙
m2
)
. (2.33)
The polarization vectors transform under little-group transformations as second-rank ten-
sors,
(IJ) → RIMRJN(MN). (2.34)
The expressions in the spinor formalism for the fixed spin axis (see e.g. [8, 28]),
αα˙(k,+) =
√
2
qαk
[
α˙
〈qk[〉 , αα˙(k,−) =
√
2
k[αqα˙
[k[q]
, αα˙(k, 0) =
1
m
(
k[αk
[
α˙ −
m2
2q · kqαqα˙
)
,
(2.35)
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are related to the little-group covariant notation by the identifications
(k,+) = (22)(k), (k,−) = −(11)(k), (k, 0) = −
√
2(12)(k), (2.36)
where the minus sign in the definition of (k,−) ensures the conventional normalization
condition
1
2
αα˙(λ)
α˙α(−λ′) = (λ) · (−λ′) = −δλ,λ′ . (2.37)
As a result of these conventions, the action of the generators (2.16) on the polarization
vectors is given by
J0k (k, s) = s(k, s),
J±k (k,±) = 0, J∓k (k,±) = ±
√
2(k, 0), J±k (k, 0) = ±
√
2(k,±). (2.38)
A change of the spin axis is represented as a little-group transformation,
′(s′) =
∑
s=+,0,−
R(1)s′s(s), (2.39)
where the matrix R(1) is given in (B.5).
3 Complex continuation of massive amplitudes
The basis of the proof [2] of the original on-shell recursion relation [1] and its generaliza-
tions [4, 5, 25] is the construction of a complex continuation A(z) of scattering amplitudes
obtained by a deformation of a subset S = {ki}, i = 1, . . . h of the four-momenta of the
external particles, parameterized by a complex parameter z,
ki → kˆi(z) for ki ∈ S, (3.1)
so that the physical amplitude is given by A(0). We consider deformations with the fol-
lowing properties:
• Four-momenta are deformed by a linear shift in z,
kˆi(z) = ki + zδki. (3.2)
• The shift does not modify the mass-shell condition of the external momenta,
kˆ2i (z) = k
2
i = m
2
i . (3.3)
• The deformed momenta satisfy momentum conservation if the original momenta do
so, i.e. ∑
S
kˆi(z) =
∑
S
ki, (3.4)
where all momenta are taken as outgoing. This condition must only hold for the sum
over the full set of shifted momenta S, i.e. there should be no subset where (3.4) is
satisfied on its own.
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• For all possible “factorization channels”, i.e. all decompositions of the set of external
momenta P into two subsets P = F ∪ F ′, the sum over momenta in each subset is
deformed by a light-like vector,
KˆF(z) =
∑
F
kˆi(z) = KF + zQF , Q2F = 0, (3.5)
with
QF =
∑
S∩F
δki = −
∑
S∩F ′
δki. (3.6)
This condition is not necessary (see e.g. [5]) but chosen here to simplify the discussion.
Shifts with Q2F 6= 0 do not lead to advantages for our purposes, as discussed in
Appendix C.
Since poles of Feynman diagrams arise solely through propagators, only simple poles in
z appear for Born amplitudes for the above properties of the shift. The integral of the
function A(z)/z over a circle with |z| → ∞ is given by the sum of the residues at the poles,
zF and the residue at z = 0, which gives the physical amplitude,
1
2pii
∮
A(z)
z
= A(0) +
∑
poles zF
ReszF
A(z)
z
. (3.7)
Factorization properties of Born amplitudes imply that the n-point amplitude at the poles
zF factorizes into lower-multiplicity amplitudes according to1
lim
z→zF
A(z) =
∑
s
AF(. . . ΦˆsF)
i
K2F + 2zKF ·QF −M2F
AF ′(Φˆ−sF ′ , . . . ), (3.8)
where ΦsF denotes a generic particle with spin projection s, momentum KˆF and mass MF .
In the following, massive vector bosons will be denoted by W s, massive fermions with
s = ±1
2
by ψ±, and φ denotes both physical scalars or would-be Goldstone bosons. The
poles of the complex variable z are located at
zF = −K
2
F −M2F
2KF ·QF . (3.9)
Provided the condition
lim
z→∞
A(z) = 0 (3.10)
1If the internal particle ΦF is a fermion, a convention-dependent phase factor arises since one of the
momenta KF and KF ′ = −KF corresponds to an incoming particle line [23]. Writing the numerator of
a fermion propagator in terms of the completeness relation and using the convention (2.26) one finds for
K0F +K
3
F > 0
/KF +MF =
∑
s
u(KF ,−s)u¯(KF , s) =
∑
s
(iv(KF ′ ,−s)(u¯(KF , s)).
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holds, the left hand side of (3.7) vanishes and the physical scattering amplitude is expressed
in terms of lower-point on-shell amplitudes,
A(0) =
∑
F
∑
s
AF(. . . ΦˆsF)
i
K2F −M2F
AF ′(Φˆ−sF ′ , . . . ). (3.11)
On the right-hand side the shifted momenta in the set S and the momentum KˆF of the
internal line are evaluated at the poles (3.9). A prescription for the reference spinors for
internal massive particles is defined in Section 3.3.
For internal massive vector bosons, gauge invariance implies that the unphysical degrees
of freedom, i.e. the would-be Goldstone bosons and the fourth polarization vector µ(S) =
pµ/M cancel at the pole (3.9) so that only the sum over the three physical polarizations
needs to be taken in (3.11).
In this section, we derive little-group covariant expressions for the shift of spinor vari-
ables and the wave functions of massive spin one-half fermions and vector bosons. However,
in oder to satisfy the condition (3.10) we will choose a particular spin axis aligned with
the shift [4,23]. Therefore it must be possible to recover amplitudes for arbitrary spin axes
and spin quantum numbers. There are two ways to achieve this:
• Construct the amplitude for a fixed spin state for arbitrary and independent spin
axes nqi for all particles. The spin-dependence of the scattering amplitude enters only
through the polarization wave functions, while the remaining truncated amplitude is
little-group invariant since it can be expressed in terms of momenta, Lorentz tensors
and Dirac matrices. Therefore amplitudes for arbitrary spin states can be obtained
using the generators J±ki (2.16), which only act on the wave-function of a single leg i.
• Construct the amplitudes for all spin states for a particular fixed choice of the spin
axes. Results for arbitrary spin axes can be obtained as linear combinations of
these results using the finite little-group transformations of the polarization wave
functions (2.27) and (2.39).
In the remainder of this Section we construct all possible h-line shifts of massive par-
ticles satisfying the properties (3.2)–(3.5). The large-z behaviour (3.10) is investigated in
Section 4 while the ability to construct the amplitudes for all spin states is discussed in
Section 5.
3.1 Shifts of massive momenta
We first consider the shift of a single massive momentum k such that the on-shell condi-
tion (3.3) remains satisfied. In the little-group covariant notation, the shift can be defined
by introducing pairs of holomorphic and anti-holomorphic spinors ηIα and ηα˙,I and deform-
ing the spinor variables according to
kIα → kˆIα(z) = kIα + zηIα, kα˙,I → kˆα˙,I(z) = kα˙,I + zηα˙,I . (3.12)
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The on-shell condition can be satisfied by demanding that the normalization conditions (2.5)
are not modified by the shift,
〈kˆI(z)kˆJ(z)〉 != mεIJ , [kˆI(z)kˆJ(z)] != −mεIJ . (3.13)
This implies that the holomorphic spinors ηIα must satisfy the conditions
〈ηIηJ〉 = 1
2
〈ηIηI〉 εIJ = 0, 〈k[IηJ ]〉 = 〈kIηI〉 εIJ = 0, (3.14)
where it was used that that any two-dimensional antisymmetric tensor is proportional
to the totally antisymmetric symbol. According to the first condition the shift vector
factorizes in terms of a light-like Weyl spinor ηα and a little-group spinor n
I ,
ηIα = n
Iηα. (3.15)
The second condition then becomes
εIJn
I 〈kJη〉 = 0, (3.16)
which determines the little-group spinor up to a constant c,
nI = c 〈ηkI〉 . (3.17)
The shift of the anti-holomorphic variable is treated analogously. The general shift of the
massive spinor variables is therefore of the form
kˆIα(z) = k
I
α + zcηα 〈ηkI〉 , kˆα˙,I(z) = kα˙,I + zdηα˙ [kIη] . (3.18)
It can be checked that the normalization (2.6) is automatically satisfied by the shifted
spinors as well,
kˆIα(z)kˆβ,I(z) = mεαβ, kˆ
I
α˙(z)kˆβ˙,I(z) = mεα˙β˙. (3.19)
This follows from identities such as 〈ηkI〉 kβ,I = mηβ that result from (2.6). Note that
within the spin-axis formalism the shift (3.18) corresponds to shifting both the momentum
spinors k[ and the reference spinors q.
The requirement (3.2) of a linear shift of the momentum allows only a shift of the
holomorphic or anti-holomorphic spinors alone, so there are two possible shifts,2
kˆHαα˙(z) = kαα˙ + zc ηα 〈ηkI〉 kα˙,I = kαα˙ + zc ηα(〈η| /k)α˙, (3.20)
kˆAαα˙(z) = kαα˙ + zd k
I
α [kIη] ηα˙ = kαα˙ + zd (/k |η])αηα˙. (3.21)
2The only other way to avoid a quadratic term in z is to fix the shift spinors in terms of the momentum
spinors such that 〈ηkI〉 [kIη] = 0, e.g. |η〉 ∝ |k2〉 and |η] ∝ |k1]. The resulting momentum shift kαα˙(z) =
kαα˙ + zc˜ k
2
αkα˙,1 can be viewed as a special case of both the generic holomorphic and anti-holomorphic
shifts and need not be considered separately.
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The second form of the shifts follows from the decomposition of the momentum (2.3) and
makes it clear that these results reproduce the known expressions for the shift of a massive
momentum by a light-like vector [4, 18]. In this form it is also straightforward to take the
massless limit by rescaling c→ c/〈ηk〉 and d→ d/[kη] so one obtains the familiar result
kˆHα(z) = kα + zc ηα, kˆ
A
α˙(z) = kα˙ + zd ηα˙. (3.22)
For shifts of multiple external momenta discussed in Section 3.3, the constants c and d
need to be chosen such that the condition of momentum conservation (3.4) is satisfied.
3.2 Shifts of wave-functions
Expressions for the Dirac spinors (2.19) and polarization vectors (2.30) for a shifted mo-
mentum can be easily defined by replacing the spinors kIα and kα˙,I with the corresponding
shifted quantities (3.18). For the example of the holomorphic shift one obtains the Dirac
wave function
uˆI,H(k, z) =
(
kˆIα(z)
−kα˙,I
)
= uI(k) + zc 〈ηkI〉
(
ηα
0
)
. (3.23)
The shifts of the conjugate and anti-particle spinors are defined in complete analogy. By
construction, these spinors satisfy the appropriate equations of motion (2.18), completeness
conditions (2.20) and normalization conditions (2.21) for the shifted momentum since the
normalization conventions (2.5) and (2.6) are not affected by the shift. Similarly, the
polarization vectors
ˆ
(IJ),H
αα˙ (k, z) =
1√
2m
kˆ(Iα (z)k
J)
α˙ = 
(IJ)
αα˙ (k) +
zc√
2m
ηα 〈ηk(I〉 kJ)α˙ (3.24)
satisfy the transversality condition (2.31), the normalization (2.32) and the complete-
ness relation (2.33) for the shifted momentum. The corresponding results for the anti-
holomorphic shift are
uˆI,A(k, z) = uI(k)− zd [kIη]
(
0
ηα˙
)
, (3.25)
and
ˆ
(IJ),A
αα˙ (k, z) =
1√
2m
k(Iα kˆ
J)
α˙ (z) = 
(IJ)
αα˙ (k) +
zd√
2m
k(Iα [k
J)η] ηα˙. (3.26)
These results provide little-group covariant expressions for shifted Dirac spinors and
polarization vectors. However, in general the spinors and polarization vectors for all spin
orientations receive a linear shift, which is not desirable in the discussion of the scaling
of the amplitude A(z) for z → ∞. Nevertheless, the little-group covariant form of the
shift (3.18) was recently used for a BCFW shift of one massive and one massless leg [30].
In this paper we focus on purely massive shifts and leave a systematic analysis of the
large-z behaviour of this type of shift for future work.
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3.2.1 Choice of spin axis
Using a suitable choice of spin axis aligned with the shift spinors ηα, ηα˙ it is possible to
simplify the shifted wave functions to a form similar to the massless case [4] so that they
stay z-independent for some spin quantum numbers.3 To this end, it is useful to choose
the holomorphic reference spinor in the light-cone decomposition (2.8) of a holomorphically
shifted momentum kˆHi (z) as
qi,α = ηi,α, (3.27a)
while for an anti-holomorphically shifted momenta kˆAj (z) the choice
qj,α˙ = ηj,α˙ (3.27b)
is made. In this way only the light-cone projected momentum spinors are shifted,
kˆ[Hi,α(z) = k
[
i,α + zciηi,α, kˆ
[H
i,α˙(z) = k
[
i,α˙, (3.28)
kˆ[Ai,α(z) = k
[
i,α, kˆ
[A
j,α˙(z) = k
[
j,α˙ + zdjηj,α˙, (3.29)
where the rescaling ci → ci/〈ηik[i〉 and dj → dj/[k[jηj] was performed. The remaining
reference spinors qi,α˙ and qj,α are still arbitrary at this stage. With this choice, only the
Dirac spinor with negative spin is affected by the holomorphic shift, as in the massless
case,
uˆH(ki,
1
2
) =
(
m
〈k[iηi〉
ηi,α
k[i,α˙
)
, uˆH(ki,−12) =
(
k[i,α + zci ηi,α
− m
[qik[i ]
qi,α˙
)
. (3.30)
In the same way, only the polarization vector with negative spin and the longitudinal
polarization are shifted,
ˆHαα˙(ki,+) =
√
2
ηi,αk
[
i,α˙
〈ηik[i〉
, ˆHαα˙(ki,−) =
√
2
(k[i,α + zci ηi,α)qi,α˙
[k[iqi]
,
ˆHαα˙(ki, 0) =
1
m
(
(k[i,α + zci ηi,α)k
[
i,α˙ −
m2
〈ηik[i〉 [k[iqi]
ηi,αqi,α˙
)
.
(3.31)
For the anti-holomorphic shift, only the Dirac spinors with positive spin are affected,
uˆA(kj,
1
2
) =
(
m
〈k[jqj〉
qj,α
k[j,α˙ + zdj ηj,α˙
)
, uˆA(kj,−12) =
(
k[j,α
− m
[ηjk[j ]
ηj,α˙
)
, (3.32)
3 Alternatively, one could consider eliminating holomorphic or anti-holomorphic spinor variables using
the on-shell condition (2.2) and the Dirac equation (2.7) as advocated in [11] (see also a related discussion
at the Lagrangian level [31]). This corresponds to the introduction of higher-dimensional operators and
moves the effect of the shift from the wave functions to the truncated amplitude. This does not appear to
simplify the study of the z →∞ behaviour but may deserve further study.
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while for massive vector bosons again also the longitudinal polarization vector is shifted in
addition to the positive spin,
ˆAαα˙(kj,+) =
√
2
qj,α(k
[
j,α˙ + zdj ηj,α˙)
〈qjk[j〉
, ˆAαα˙(kj,−) =
√
2
k[j,αηj,α˙
[k[jηj]
,
ˆAαα˙(kj, 0) =
1
m
(
k[j,α(k
[
j,α˙ + zdj ηj,α˙)−
m2
〈qjk[j〉 [k[jηj]
qjαηj,α˙
)
.
(3.33)
3.3 Multi-line shifts
To construct complex deformations of scattering amplitudes, the set S of shifted momenta
is split into two subsets, S = H ∪ A, where a holomorphic shift (3.20) is performed for a
subset of momenta ki ∈ H while momenta kj ∈ A are deformed by an anti-holomorphic
shift (3.21). These candidate shifts must then be constrained so that the conditions (3.4)
and (3.5) are satisfied. Momentum conservation (3.4) implies the condition
0 =
∑
H
δkHi,αα˙ +
∑
A
δkAj,αα˙ =
∑
H
ciηi,α(〈ηi| /ki)α˙ +
∑
A
dj (/kj |ηj])αηj,α˙
=
∑
H
ciηi,αk
[
i,α˙ +
∑
A
dj k
[
j,αηj,α˙, (3.34)
where the expression in the second line holds for the choice of reference spinors (3.27) and
re-scaled coefficients. For generic shift spinors ηi, this identity provides four constraints
for the h coefficients ci and dj so that a solution always exists for h ≥ 4. For the cases
h = 2, 3 solutions can be obtained for special choices of shift spinors corresponding to
massive generalizations of the BCFW and Risager constructions, as discussed below.
The condition (3.5) implies that the sum of shifted momenta for every factorization
channel F is light-like, i.e. the quantities
QF ,αα˙ =
∑
H∩F
ciηi,α(〈ηi| /ki)α˙ +
∑
A∩F
dj (/kj |ηj])αηj,α˙
=
∑
H∩F
ciηi,αk
[
i,α˙ +
∑
A∩F
dj k
[
j,αηj,α˙ (3.35)
must factorize into a product of two-component spinors, QF ,αα˙ = QF ,αQF ,α˙, for all choices
of F . Since the number of factorization channels in general exceeds the number h − 4 of
the remaining free coefficients, this requires special choices of the shift spinors ηi. Analo-
gously to the massless case considered in [5] this leaves two possibilities: Generalizations
of the construction of Risager [25] where only holomorphic or anti-holomorphic shifts are
performed or generalizations of the BCFW construction by performing a holomorphic shift
of h−1 legs and an anti-holomorphic shift for one leg, or vice versa. The extension of these
constructions to the massive case are discussed in Sections 3.3.2 and 3.3.3, respectively.
The generalization of the original two-line BCFW shift to the massive case needs to be
treated separately and is discussed in Section 3.3.1. Shifts where l > 1 lines are shifted
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holomorphically and h − l > 1 lines anti-holomorphically lead to factorization channels
with Q2F 6= 0 and are discussed in Appendix C.
In the application of the recursion relation, also the spin states of the internal particle
ΦsF in the factorized amplitudes (3.8) need to be defined. It is useful to choose the reference
spinors in terms of the factorized spinors of the internal shift (3.35),
qF ,α = QF ,α, qF ,α˙ = QF ,α˙, (3.36)
which implies the light-cone decomposition of the internal momentum
KF ,αα˙ = K[F ,αK
[
F ,α˙ +
K2F
2(KF ·QF)QF ,αQF ,α˙. (3.37)
This choice results in a simple expression for the shifted internal momentum,
KˆF ,αα˙(z) = K[F ,αK
[
F ,α˙ +
(
M2F
2(KF ·QF) + (z − zF)
)
QF ,αQF ,α˙, (3.38)
which has been expressed in such a way that that the on-shell condition,
Kˆ2F(zF) = M
2
F , (3.39)
at the pole position (3.9) is manifestly satisfied. Note the light-cone projected momentum
is not affected by the shift, i.e. Kˆ[F = K
[
F . The wave-functions of the internal particles can
then be defined in terms of the reference spinors (3.36) and the momentum spinors K[F .
3.3.1 Two-line BCFW shifts
For a two-line BCFW-type shift of massive lines, a solution to the on-shell condition (3.3)
and momentum conservation (3.34) was constructed in [23] using the fact that two massive
momenta ki/j can be expressed in terms of two light-like vectors li/j as
ki = li + αjlj, kj = αili + lj, (3.40)
with the coefficients
αj =
2ki · kj − sgn(2ki · kj)
√
∆
2k2j
, αi =
2ki · kj − sgn(2ki · kj)
√
∆
2k2i
, (3.41)
and
∆ = (2ki · kj)2 − 4k2i k2j . (3.42)
A two-line shift with the shift spinors
ηα = lj,α, ηα˙ = li,α˙, (3.43)
leads to the momentum shifts
kˆHi,αα˙(z) = ki,αα˙ + z lj,αli,α˙, kˆ
A
j,αα˙(z) = kj,αα˙ − z lj,αli,α˙, (3.44)
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which manifestly have the desired properties (3.4) and (3.5). This result was recently also
obtained from the little-group point of view in [32]. Making the choice (3.43) in the results
obtained in Section 3.2 provides shifted Dirac spinors (3.23) and polarization vectors (3.24)
for arbitrary little-group frames. However, eliminating the z-dependence in some of the
external wave-functions by fixing the spin axes according to (3.27),
qi,α = ηα = lj,α, qj,α˙ = ηα˙ = li,α˙, (3.45)
reproduces the definition of shifted Dirac spinors in [23]. Also the prescription (3.36) for
the reference spinors of the internal line reproduces the choice of [23],
qF ,α = ηα = lj,α, qF ,α˙ = ηα˙ = li,α˙. (3.46)
3.3.2 Multi-line Risager-type shifts
In the Risager-type solution to the light-cone condition (3.35) for all factorization channels,
all shifts are either exclusively holomorphic or anti-holomorphic and shift spinors ηi are
chosen identical. In the holomorphic case the shift of the spinors is therefore given by
kˆI,Hi,α (z) = k
I
i,α + zciηα 〈ηkIi 〉 , kˆHi,α˙,I(z) = ki,α˙,I , (3.47)
so that the shift of the momentum of internal propagators factorizes according to
QF ,αα˙ = ηα
∑
S∩F
ci(〈η| /ki)α˙ ≡ ηαQF ,α˙. (3.48)
Choosing the spin axis according to (3.27) implies that the same reference spinor qi,α = ηα
is used for all shifted particles. This simplifies the shifted momentum spinors to
kˆ[Hi,α(z) = k
[
i,α + zciηα, kˆ
[H
i,α˙(z) = k
[
i,α˙, (3.49)
and shifted Dirac spinors and polarization vectors are given by (3.30) and (3.31). The
light-cone projection of the internal momentum is defined using the reference spinors
qF ,α = ηα, qF ,α˙ = QF ,α˙ =
∑
S∩F
cik
[
i,α˙. (3.50)
The condition of momentum conservation (3.34) becomes
0 =
∑
S
cik
[
i,α˙. (3.51)
For three shifted momenta, i ∈ {i1, i2, i3} the Schouten identity implies the solution
ci1 = [k
[
i2
k[i3 ] , ci2 = [k
[
i3
k[i1 ] , ci3 = [k
[
i1
k[i2 ] , (3.52)
in complete analogy to the massless case [25]. In general, a system of h equations for the
coefficients can be obtained by contracting with all of the k[i,α˙ spinors of the shifted legs.
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However, the system is under-determined due to the Schouten identity. In our construction
of scattering amplitudes we will require four-line and five-line shifts, for which solutions
can be written as
ci1 = [k
[
i2
k[i3 ] , ci2 = [k
[
i3
k[i1 ] + [k
[
i3
k[i4 ] , ci3 = [k
[
i1
k[i2 ] + [k
[
i4
k[i2 ] , ci4 = [k
[
i2
k[i3 ] , (3.53)
and
ci1 = [k
[
i2
k[i3 ] , ci2 = [k
[
i3
k[i1 ] , ci3 = [k
[
i1
k[i2 ] + [k
[
i4
k[i5 ] , ci4 = [k
[
i5
k[i3 ] , ci5 = [k
[
i3
k[i4 ] .
(3.54)
The anti-holomorphic Risager-type shift is given analogously by (3.29) with the choice of
reference spinor qj,α˙ = ηα˙ for all shifted lines, and with corresponding solutions for the
coefficients dj.
3.3.3 Multi-line BCFW-type shifts
Generalizations of the BCFW construction are obtained by performing an anti-holomorphic
shift for one leg kj ∈ A and holomorphic shifts of h− 1 legs ki ∈ H, with all shift spinors
chosen identical,
kˆI,Hi,α (z) = k
I
i,α + zciηα 〈ηkIi 〉 , kˆHi,α˙,I(z) = ki,α˙,I ,
kˆI,Aj,α (z) = k
I
j,α, k
A
j,α˙,I(z) = kj,α˙,I + zdjηα˙ [kj,Iη] . (3.55)
The condition of light-like shifts QF of the internal momenta (3.35) requires the choice
ηα ∝ (/kj |η])α, (3.56)
so that the shift factorizes for all factorization channels,
QF ,αα˙ = (/kj |η])αQF ,α˙. (3.57)
The choice of spin axis (3.27) implies that all legs inH share the same holomorphic reference
spinor. After re-scaling the coefficients ci and dj, the shift and reference spinors become
ηα = qi,α = k
[
j,α, ηα˙ = qj,α˙. (3.58)
The anti-holomorphic reference spinors qi,α˙ of the legs in H and all reference spinors of
particle j are kept arbitrary. The generalized BCFW shift therefore takes the simple form
kˆ[Hi,α(z) = k
[
i,α + zcik
[
j,α, kˆ
[H
i,α˙(z) = k
[
i,α˙,
kˆ[Aj,α(z) = k
[
j,α, kˆ
[A
j,α˙(z) = k
[
j,α˙ + zdjqj,α˙. (3.59)
The shifted Dirac spinors and polarization vectors are given by (3.30) and (3.31) with
ηα = k
[
j,α for the holomorphic lines and by (3.32) and (3.33) with ηα˙ = qj,α for the anti-
holomorphic line. According to (3.36) the light-cone projection of the internal momentum
is defined using the reference spinors
qF ,α = k[j,α, qF ,α˙ = QF ,α˙ =
∑
H∩F
cik
[
i,α˙ +
∑
A∩F
djqj,α˙. (3.60)
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The condition of momentum conservation (3.34) reads
0 =
∑
H
cik
[
i,α˙ + djqj,α˙. (3.61)
In the case of three shifted momenta, i ∈ {i1, i2}, a solution is found with help of the
Schouten identity
ci1 = [k
[
i2
qj] , ci2 = [qjk
[
i1
] , dj = [k
[
i1
k[i2 ] . (3.62)
The solutions for four-line (five-line) shifts can be obtained from the expressions (3.53)
and (3.54) for the Risager shift by the replacement ci4 → dj and ki4 → qj (ci5 → dj and
ki5 → qj).
The BCFW-type shift with one holomorphic line ki and h − 1 anti-holomorphic lines
kj can similarly be brought to the form
kˆ[Hi,α(z) = k
[
i,α + zciqi,α, kˆ
[H
i,α˙(z) = k
[
i,α˙,
kˆ[Aj,α(z) = k
[
j,α, kˆ
[A
j,α˙(z) = k
[
j,α˙ + zdjk
[
i,α˙, (3.63)
with the shift and reference spinors
ηα = qi,α, ηα˙ = qj,α˙ = k
[
i,α˙. (3.64)
The light-cone decomposition of internal momenta is performed using the reference spinors
qF ,α = QF ,α =
∑
H∩F
ciqi,α +
∑
A∩F
djkj,α, qF ,α˙ = k[i,α˙. (3.65)
4 Large-z behaviour of amplitudes
In this section we obtain bounds on the large-z behaviour of the complex continuation of
n-point scattering amplitudes,
lim
z→∞
An(z) ∼ zγ, (4.1)
under the shifts constructed in Section 3. Since z enters only through momenta and external
wave-functions, which are all deformed linearly, the exponent γ must be an integer, so the
criterion γ < 0 ensures the validity of the condition (3.10). The complex continuation of
an n-particle scattering amplitude with h shifted external particles can be written in terms
of “skeleton amplitudes” A˜h,b(z) describing the scattering of the shifted particles, dressed
by insertions of “background” subdiagrams Bi with the unshifted external legs,
An(z) =
n−h∑
b=1
∑
diagrams
A˜h,b(z)
b∏
i=1
Bi, (4.2)
see Fig. 1 for illustration. More precisely, the background subamplitudes are defined in
terms of off-shell currents Bi, which are given by the off-shell amplitude with bi external on-
shell legs and one off-shell leg with attached propagator. The numerator of the propagator
17
A˜h,b
kˆ1 kˆh
B1 Bb
=
∑
diagrams
kˆ1 kˆh
B1 Bb
Figure 1: Illustration of the skeleton and background amplitudes appearing in (4.2). The
shifted momentum flows through solid lines while dashed lines denote background lines.
of the off-shell leg can be written using a completeness relation in terms of suitably off-
shell continued polarization spinors or vectors and possible additional off-shell terms (see
e.g. [33]), so that the background currents take the schematic form
Bi =
∑
s
χi(s)
1
P 2i −M2
χ†i (−s)B˜i ≡
∑
s
χi(s)Bi(−s), (4.3)
where the sum over s extends beyond the physical polarizations in the off-shell case. In (4.2)
the spin sums are implicit and the polarization factors χi are included in the definition of
the skeleton amplitudes A˜h,b, so that these contain no open spinor or vector indices. The
mass dimension of the background subamplitudes is given by
[Bi] = 4− (bi + 1)− 2 = 1− bi, (4.4)
where the term −2 arises from the propagator denominator of the off-shell leg. This split
into skeleton and background amplitudes is similar to the background field analysis in [5],
although the precise definitions of the background insertions are somewhat different and
lead to different mass dimensions of the skeleton and background amplitudes compared to
our diagrammatic definition.
The skeleton amplitudes with h shifted lines and b background insertions can be broken
down into building blocks according to
A˜h,b(z) =
Nh,b(z)
Dh,b(z)
∏
a
ga
∏
Sψ
uˆ(z)
∏
SW
ˆ(z)
b∏
i=1
χi, (4.5)
where ga are coupling constants, Dh,b is the product of propagator denominators and Nh,b
the corresponding numerator function arising from vertex factors and propagator numer-
ators. The set of shifted fermion and vector boson lines is denoted by Sψ and SW , respec-
tively. The skeleton amplitude is connected, i.e. all propagators in A˜h,b are z-dependent,
since the shift is assumed to satisfy the property that the condition of momentum conser-
vation (3.4) does not hold for a subset of the shifted legs.
Dimensional analysis relates the dimension of the scattering amplitude in four space-
time dimensions to the mass dimensions of the objects in the ansatz (4.5)
[A˜h,b] = 4− (h+ b) = [g] + [Nh,b]− [Dh,b] + 1
2
hψ +
1
2
bψ. (4.6)
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The term [g] denotes the dimension of the product of coupling constants, hΦ denotes the
number of shifted external legs of particle type Φ and bΦ the corresponding background
attachments. Similarly, the number of holomorphically or anti-holomorphically shifted
particles will be denoted by hHΦ and h
A
Φ.
The scaling exponent of the skeleton amplitudes, limz→∞ A˜h,b(z) ∼ zγh,b , can be decom-
posed as
γh,b = γN − γD, (4.7)
where γD arises from the propagator denominators and γN arises from the flow of z through
momentum-dependent numerators of Feynman diagrams and from external wave functions.
Since the background subamplitudes are z-independent, the behaviour of the full amplitude
for z →∞ is determined by the worst scaling among the skeleton amplitudes,
γ = max γh,b. (4.8)
The criterion γh,b < 0 is therefore sufficient to establish the condition (3.10).
4.1 Scaling of external states and Goldstone-boson equivalence
With the choice of spin axis described in Section 3.2.1, the large-z behaviour of the fermion
spinors for holomorphic and anti-holomorphic shifts is given by
uˆH(k, s) ∼ z−s+ 12 ,
uˆA(k, s) ∼ zs+ 12 ,
(4.9)
while the vector-boson polarizations behave as
ˆH(k,−) ∼ z1, ˆH(k, 0) ∼ z1, ˆH(k,+) ∼ z0,
ˆA(k,−) ∼ z0, ˆA(k, 0) ∼ z1, ˆA(k,+) ∼ z1. (4.10)
The naive scaling of the polarization vectors for the “good shifts”, ˆA(−) and ˆH(+), is
worse than in the massless case, where a gauge-dependent 1/z pole of polarization vectors
improves the scaling. However, using Ward identities it is possible to establish the 1/z sup-
pression of amplitudes for these polarizations also for a gauge choice with z-independent
polarization vectors [24]. Similarly, gauge cancellations improve the behaviour of ampli-
tudes with longitudinal polarization vectors compared to the naive estimate [4].
For the case of spontaneously broken gauge invariance, the relevant Ward identity
relates vector-boson to Goldstone-boson amplitudes [34, 35],
kµA
µ(W (k), . . . ) = mWA(φ(k), . . . ). (4.11)
Using the observation that the shift of the longitudinal polarization vector is proportional
to the momentum shift,
ˆHαα˙(k, 0)− αα˙(k, 0) =
1
m
czηαk
[
α˙ =
1
m
(
kˆHαα˙(z)− kαα˙
)
, (4.12)
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and similarly for the anti-holomorphic shift, the identity (4.11) can be used to obtain the
relation for amplitudes with shifted longitudinal vector bosons,
ˆµ(k, 0)A
µ(W (kˆ(z)), . . . ) = A(φ(kˆ(z)), . . . ) + rk,µA
µ(W (kˆ(z)), . . . ), (4.13)
with
rk,αα˙ =
(
αα˙(k, 0)− kαα˙
m
)
= − m
2
q · kqαqα˙. (4.14)
The amplitudes on the right-hand side depend on z, while the vector rk does not. In
the usual application of the Ward identity (4.11) in the context of the Goldstone boson
equivalence theorem, the high-energy limit is taken where rk ∼ m/E so that the term
involving the amputated amplitude Aµ(W, . . . ) is subdominant compared to the Goldstone
boson amplitude. Here we consider the z → ∞ limit where the exact identity (4.13)
cannot be simplified further. This is, however, sufficient to see that the scaling of the
longitudinal polarization vectors (4.10) overestimates the z → ∞ behaviour. Note that
the Goldstone-boson and the vector-boson amplitude on the right-hand side of (4.13) may
have a different behaviour for z → ∞ and the contraction of the remainder rk with the
vector-boson amplitude must be taken into account in the estimate of the large-z behaviour.
The Ward identity (4.11) can also be used to bound the large-z behaviour of amplitudes
with vector bosons with positive spin projection in the holomorphic shift [24,36] by noting
that the holomorphic shift of the momentum can be written in terms of the positive-helicity
polarization vector,
kˆHαα˙(z)− kαα˙ = z c
[k[q]√
2
ˆHαα˙(k,+). (4.15)
The application of the Ward identity implies
ˆHµ(k,+)A
µ(W (kˆ(z)), . . . ) =
1
z
√
2
c [k[q]
(
mA(φ(kˆ(z)), . . . )− kµAµ(W (kˆ(z)), . . . )
)
. (4.16)
An analogous identity holds for ˆA(k,−) in the anti-holomorphic shift.
Altogether these results show that gauge cancellations, as encoded in the Ward iden-
tity (4.11), improve the scaling behaviour of massive vector bosons compared to the naive
estimates (4.10) so that the effective scaling is determined by the spin projection s = 0,±1,
ˆH(k, s) ∼ z−s,
ˆA(k, s) ∼ zs. (4.17)
Therefore the effective behaviour of amplitudes for the “good shifts” of vector bosons is
identical to the massless case while the longitudinal vector bosons behave like scalars, as
intuitively anticipated from Goldstone boson equivalence. The use of the Ward identity is a
key place of our analysis where the consequences of spontaneously broken gauge invariance
are employed.
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4.2 Propagator scaling
For shifts with light-like internal lines, every propagator denominator in the skeleton am-
plitude is linear in z so that
γD =
1
2
[Dh,b] = d, (4.18)
where d is the number of propagators in the skeleton amplitude. This can be estimated
using the topological identities of tree diagrams∑
n
vn = d+ 1, (4.19)∑
n
nvn = 2d+ e, (4.20)
where vn is the number of vertices with valency n and e = h+ b is the number of external
legs of the skeleton amplitude. The number of propagators is bounded from above and
below in terms of the smallest and highest valencies nmin and nmax,
h+ b− nmax
nmax − 2 ≤ γD ≤
h+ b− nmin
nmin − 2 . (4.21)
In the following we limit ourselves to a renormalizable SBGT where nmin = 3 and nmax = 4
so that
h+ b− 4
2
≤ γD ≤ h+ b− 3. (4.22)
This condition can easily be relaxed for the interesting application of on-shell methods in
effective-field-theories of SBGTs with higher-dimensional operators [17, 30, 37–39]. In the
derivation of the large-z behaviour in this section, only the upper bound in (4.22) enters,
so these results are also valid in the presence of higher-dimensional operators.
4.3 Bounds for generic shifts with Q2F = 0
In addition to the bound on the denominator (4.22), the estimate (4.7) of the large z-
scaling of the skeleton amplitude requires a bound on γN , i.e. on the z-dependence of the
numerator function Nh,b in the ansatz (4.5), contracted with the polarization functions of
shifted legs and background insertions. Independent of the structure of the shift, the most
conservative estimate is obtained from the mass dimension of the numerator function [5],
which can be expressed in terms of (4.6). Adding the scaling of the external fermions (4.9)
and the improved estimate for vector bosons (4.17) gives the bound
γN ≤ [Nh,b] +
∑
Hψ
(
−si + 1
2
)
+
∑
Aψ
(
sj +
1
2
)
−
∑
HW
si +
∑
AW
sj
= 4− (h+ b)− [g]− bψ
2
+ [Dh,b]−
∑
H
si +
∑
A
sj. (4.23)
21
For the concrete examples of the extended Risager and BCFW shifts, better estimates can
be obtained, as discussed below. Using the estimate of the scaling of the propagator (4.22),
a conservative bound for the scaling of the amplitude is obtained,
γ ≤ 4− (h+ b)−min[g]− bψ
2
+ γD −
∑
H
si +
∑
A
sj
≤ 1−min[g]−
∑
H
si +
∑
A
sj, (4.24)
where bψ ≥ 0 was used. This result agrees with the case nmin = 3 in the result for the
massless case in Eq. (26) in [5]. However, the first line of (4.24) shows that this bound
can be improved in amplitudes with fermionic background insertions. Note that that the
Feynman diagrams contributing to the amplitude may have different mass dimension [g]
of the product of coupling constants, so the smallest among these values must be taken for
the bound in (4.24).
4.4 Bounds for multi-line Risager and BCFW shifts
The generic bound (4.24) can be improved by an analysis of the structure of the contraction
of the numerator function in the skeleton amplitude (4.5) with the external and background
wavefunctions. Compared to the corresponding discussion of the massless case [5], compli-
cations for massive particles arise due to the presence of reference spinors and the need to
apply Ward identities to bound the scaling of amplitudes with vector bosons. The following
analysis does not cover two-line BCFW shifts, where the estimate (4.24) can be used.
Using the definition of the polarization wave functions, the numerator can be writ-
ten as a polynomial in holomorphic and anti-holomorphic spinor products of momentum
spinors and reference spinors. The z-dependence in the terms contributing to the skeleton
amplitude is of the schematic form
A˜h,b(z) ∼ Rh,b
〈kˆ[Hi (z) · 〉
α
[kˆ[Aj (z) · ]
β
Dh,b(z)
. (4.25)
The different contributions to the shifted holomorphic and anti-holomorphic spinor prod-
ucts 〈kˆHi (z) · 〉 and [kˆAj (z) · ] will be analyzed for the extended Risager and BCFW-type
shifts below. The function Rh,b includes unshifted spinor products, particle masses and
coupling constants. The analysis will be performed in the ’t Hooft-Feynman gauge where
the numerators of vector-boson propagators are momentum independent. Note that the
exponents α and β are positive since spinor products in the denominator can only arise
from the definitions of the polarization wave functions, which are not shifted and therefore
included in the remainder function Rh,b.
For all the considered shifts the spinor products involving shifted spinors in the skeleton
amplitude (4.25) are linear in z so that the large-z scaling of the numerator function is
given by γN = α + β. However, as discussed in Section 4.1, Ward identities improve the
large-z behaviour for the “good shifts” of vector bosons and for longitudinal bosons in
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SBGTs compared to naive scaling estimates. Therefore, the estimate of α and β should
be based on the right-hand sides of (4.13) and (4.16). The explicit factor of 1/z in (4.16)
can be taken into account by defining the effective scaling exponent,
γN = α + β − hHW (+) − hAW (−), (4.26)
with the numbers hHW (+) (h
A
W (−)) of holomorphically (anti-holomorphically) shifted vector
bosons with positive (negative) spin projection.
4.4.1 Multi-line Risager-type shifts
In an extended holomorphic Risager-type shift as constructed in Section 3.3.2, the momenta
of all particles in the set S are shifted as (3.49) and the spin axis of all shifted particles is
taken as qi,α = ηα. Therefore the only spinor products that are affected by the shift are
〈kˆ[Hi (z)kˆ[Hk (z)〉 = 〈k[ik[k〉+ z(ci 〈ηk[k〉+ ck 〈k[iη〉), 〈kˆ[Hi (z)χ〉 = 〈k[iχ〉+ zci 〈ηχ〉 , (4.27)
where χ denotes a generic unshifted spinor, e.g. from background insertions. Due to
the choice of spin axes of the shifted particles, products involving the reference spinors,
〈kˆ[Hi (z)qk〉 = 〈k[iη〉 are not shifted and accordingly contribute to the remainder function Rh,b
in (4.25). The same holds for all anti-holomorphic spinor products, so β = 0. Therefore
the relevant contributions to the holomorphic spinor products are of the form
〈kˆ[Hi (z) · 〉
α
= 〈kˆ[Hi (z)kˆ[Hk (z)〉
α1 〈kˆ[Hi (z)χ〉
α2
. (4.28)
The most conservative bound is obtained by assuming that the function Rh,b does not
contain any holomorphic spinors. Since spinor products of shifted holomorphic spinors are
linear in z, the upper bound on γN is obtained from half of the number of those holomorphic
spinors that contribute to α1 and α2. This receives the following contributions:
• The number of holomorphic spinors in the numerator function Nh,b, which can be
bound by the mass dimension [Nh,b] since every four-momentum in the numerator
gives rise to one holomorphic spinor.
• The number of shifted external holomorphic spinors kˆ[Hi,α(z), which arise only from
the wave functions uˆHi (−12) and ˆHi (−) after applying the Ward identity.
• The number of shifted vector bosons with positive spin projection. This contribution
arises in addition to the explicit term in (4.26) since the term kk,µA
µ(W, . . . ) in the
Ward-identity (4.16) can give rise to a spinor product 〈kˆ[Hi (z)k[k〉 in the numerator.4
• The number bψ + bW of effective polarization functions χ of the background legs,
which contain at most one holomorphic spinor in the numerator.
4No such contribution arises for the longitudinal gauge bosons, since the vector rk in the Ward iden-
tity (4.13) is proportional to the reference spinors ηαqk,α˙ and does not contribute to α.
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Including all of these contributions gives rise to the estimate
γN ≤ 1
2
(
[Nh,b] + bψ + bW + hψ(−) + hW (−) − hW (+)
)
=
1
2
(
4− h−min[g]− bφ − bψ
2
−
∑
S
si
)
+ γD, (4.29)
where (4.6) was used with b = bφ + bψ + bW . We have also simplified hψ(−) − 12hψ =
1
2
(hψ(−) − hψ(+)) = −
∑
ψ si. Therefore the full large-z behaviour of the amplitude can be
bound by
γHRisager = γN − γD ≤
1
2
(4− h−min[g]−
∑
S
si), (4.30)
since bψ, bφ ≥ 0. Note that for specific examples the estimate can be improved by taking
the concrete structure of the background into account. For the anti-holomorphic Risager
shift, this bound holds with the replacement si → −sj. These results agree with those for
the massless case [5] and for massive all-line shifts [4].
4.4.2 Multi-line BCFW-type shifts
In the generalized BCFW shift (3.59), h− 1 momenta kˆHi are shifted holomorphically and
a single momentum kˆAj anti-holomorphically with the shift spinors ηα = k
[
j,α and arbitrary
ηα˙ = qj,α˙. The choice of the reference spinors for the shifted legs is given in (3.58). To
estimate the number of spinor products with anti-holomorphically shifted spinors in (4.25),
note that momentum conservation can be used in the numerator function Nh,b to eliminate
kˆAj in favour of the remaining external momenta of the skeleton amplitude. Therefore only
the external wave-functions need to be considered. After application of the Ward identity,
only ˆAj (+) and uˆ
A
j (+
1
2
) contribute,
β ≤ hAψ(+) + hAW (+). (4.31)
The nontrivial holomorphic spinor products of the shifted spinors among themselves
and with other spinors are5
〈kˆ[Hi (z)kˆ[Hk (z)〉 = 〈k[ik[k〉+ z(ci 〈k[jk[k〉+ ck 〈k[ik[j〉), (4.32)
〈kˆ[Hi (z)χ〉 = 〈k[iχ〉+ zci 〈k[jχ〉 , (4.33)
〈kˆ[Hi (z)qAj 〉 = 〈k[iqAj 〉+ zci 〈k[jqAj 〉 , (4.34)
while the choice of shift and reference spinors implies that 〈kˆ[Hi (z)qHk 〉 and 〈kˆ[Hi (z)kˆ[Aj 〉 are
not shifted and in particular 〈qHi kˆ[Aj 〉 = 0. Therefore the relevant contributions to the
holomorphic spinor products in (4.25) are of the form
〈kˆ[Hi (z) · 〉
α
= 〈kˆ[Hi (z)kˆ[Hk (z)〉
α1 〈kˆ[Hi (z)χ〉
α2 〈kˆ[Hi (z)qAj 〉
α3
. (4.35)
5Here we exclude two-line BCFW shifts, where only one momentum is shifted holomorphically.
24
Following the reasoning for the Risager-type shift, α can be bound by half the number of the
holomorphic spinors contributing to these spinor products. The single anti-holomorphically
shifted particle can contribute spinors kAj,α and q
A
j,α, where the former drops out of (4.35)
while the letter can contribute to α3. The number of relevant spinors receives the following
contributions:
• The number of holomorphic spinors in Nh,b, the holomorphically shifted uˆHi (−12),
ˆHi (−) and ˆHi (+), and the background contributions as in the Risager-type shift.
• The anti-holomorphically shifted polarization vector ˆAj (+), since it includes a spinor
qAj,α and therefore contributes to α3.
• For ˆAj (−), the term kµjAµ(W, . . . ) in the Ward identity (4.16) contains a term in-
volving the reference spinor qAj,α in the massive case. Similarly, the term involving
rkj ,αα˙ ∝ qAj,αηα˙ in the Ward identity (4.13) contributes for ˆAj (0).
• In the massive case, the spinor uˆAj (+12) contains the reference spinor qAj,α and con-
tributes one-half to α3. However, either only the holomorphic or the anti-holomorphic
part of a Dirac spinor contributes to a given term in the amplitude. Since the pos-
sible contribution to α3 is smaller than the contribution of the anti-holomorphic
component of uˆAj (+
1
2
) to β already included in (4.31), the former can be dropped.
Taking all of the contributions to α into account and adding the explicit powers of z due
to the application of the Ward identities gives the bound
α− hHW (+) − hAW (−)
≤ 1
2
(
[Nh,b] + bψ + bW + h
H
ψ(−) + h
H
W (−) − hHW (+) + hAW (+) + hAW (0) − hAW (−)
)
=
1
2
(
4− h−min[g]− bφ − bψ
2
−
∑
H
si +
∑
AW
sj −
hAψ
2
+ hAW (0)
)
+ γD, (4.36)
where the expression for the dimension of the skeleton amplitude (4.6) was used and the
spin sums were introduced as discussed above after (4.29). Adding the contribution from
the anti-holomorphic spinors (4.31), the bound on the scaling of the amplitude can be
written in a form similar to the bound for the Risager shift and an additional contribution
depending on the spin of the single anti-holomorphically shifted particle,
γHBCFW = γN − γD ≤
1
2
(
4− h−min[g]− bφ − bψ
2
−
∑
S
si
)
+

2sj W
+,A, ψ+,A
1
2
, W 0,A
sj, W
−,A, ψ−,A
(4.37)
For a dominantly anti-holomorphic BCFW-type shift one obtains analogously
γABCFW ≤
1
2
(
4− h−min[g]− bφ − bψ
2
+
∑
S
si
)
+

−2sj W−,A, ψ−,A
1
2
, W 0,A
−sj, W+,A, ψ+,A
(4.38)
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The corresponding result for holomorphic shift in the massless case [5] is
γH,m=0BCFW ≤
1
2
(
4− h−min[g]−
∑
S
si
)
+ 2sA. (4.39)
The better behaviour for the “good shifts” in the massless case can be understood as
follows:
• For ψ−,A one can argue in the massless case that the change from the holomorphic to
the anti-holomorphic shift improves the behaviour by one power of z. In the massive
case the spinor uˆHi (−12) also contains a z-independent anti-holomorphic component
so not all contributions to the amplitude are improved.
• For W−,A the Ward identity (4.16) gives rise to a contribution involving the reference
spinor that does not appear in the massless case.
4.5 Examples
We will illustrate the bounds (4.30) and (4.37) for simple examples in order to illuminate
differences of the massive and massless cases more concretely. As a first example, consider
a mostly holomorphic four-line BCFW-type shift (3.59),
kˆ[Hi,α(z) = k
[
i,α + zcik
[
4,α, kˆ
[A
4,α˙(z) = k
[
4,α˙ + zd4q4,α˙, (4.40)
for the amplitude
A4(ψ¯
−,H
1 , φ
H
2 , φ
H
3 , ψ
−,A
4 ) =
ψ¯1
φ2
ψ4
φ3
+
ψ¯1
φ2
ψ4
φ3
+
ψ¯1
φ2
ψ4
φ3
(4.41)
in Yukawa theory. In the massless case, according to the bound (4.39) the shift is allowed
with γH,m=0BCFW ≤ −12 whereas in the massive case the estimate (4.37) gives γHBCFW ≤ 0. For
massless fermions, due to helicity selection rules, the only contribution to the amplitude
arises from the diagram with a triple-scalar vertex,
ψ¯1
φ2
ψ4
φ3
∝ ˆ¯uH(k1,−12)vˆA(k4,−12)
i
(kˆH2 (z) + kˆ
H
3 (z))
2 −M2φ
∼ 1
z
, (4.42)
since the shift drops out of the product of the Dirac spinors (3.30) and (3.32),
ˆ¯uH(k1,−12)vˆA(k4,−12) = 〈kˆ[H1 (z)k[4〉 = 〈k[1k[4〉 ∼ z0. (4.43)
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In the massive case, there is a non-vanishing contribution from the fermion exchange
diagrams, which include a z-dependent contribution in the numerator, for example
ψ¯1
φ2
ψ4
φ3
∝ ˆ¯uH(k1,−12)
/ˆk3
H(z) + /ˆk4
A(z) +mψ
(kˆH3 (z) + kˆ
A
4 (z))
2 −m2ψ
vˆA(k4,−12)
∼
z→∞
〈k[H1 (z)| /ˆk3H(z) |q4]mψ
(kˆH3 (z) + kˆ
A
4 (z))
2 −m2ψ
∼ z(c1 〈k
[
4k
[
3〉+ c3 〈k[1k[4〉) [k[3q4]mψ
(kˆH3 (z) + kˆ
A
4 (z))
2 −m2ψ
∼ z0,
(4.44)
so that the massive bound (4.37) is saturated. This illustrates how mass-suppressed con-
tributions can give rise to a worse large-z behaviour than in the massless case.
In this example, this complication is not relevant in praxis since the amplitude is
constructible using an anti-holomorphic Risager shift of all lines,
kˆ[Ai,α˙(z) = k
[
i,α˙ + zdiηα˙, (4.45)
with the reference spinors qi,α˙ = ηα˙. In agreement with the anti-holomorphic version
of (4.30) one obtains for the diagram with a fermion propagator
ψ¯1
φ2
ψ4
φ3
∝ ˆ¯uA(k1,−12)
/ˆk3
A(z) + /ˆk4
A(z) +mψ
(kˆA3 (z) + kˆ
A
4 (z))
2 −m2ψ
vˆA(k4,−12) ∼
1
z
, (4.46)
since in this case the choice of reference spinors ensures that the shift drops out in the
numerator, /ˆk3
A(z) |q4] = /k3 |η], and similarly for spinor chains involving [q1|. This example
also illustrates that the large-z behaviour of amplitudes with fixed spin quantum numbers
generally depends on the choice of the spin axes, in contrast to the massless case where
the reference spinors are unphysical auxiliary quantities.
As an example for the large-z behaviour of amplitudes with massive vector bosons for
the BCFW-type shift (4.40), consider an amplitude with two vector bosons and two scalars
in the Abelian Higgs model in unitary gauge,6
A4(W
−,H
1 H
H
2 , H
H
3 ,W
−,A
4 ) =
W1
H2
W4
H3
+
W1
H2
W4
H3
+
W1
H2
W4
H3
+
W1
H2
W4
H3
.
6In the ’t Hooft-Feynman gauge also diagrams with Goldstone-boson exchange contribute, while the
WWH vertex vanishes in the massless limit. This is, however, irrelevant to the estimate of the large-z
behaviour below.
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In the massless case the shift is allowed according to the bound γH,m=0BCFW ≤ −1, whereas in
the massive case the weaker estimate γHBCFW ≤ 0 is obtained from (4.37). This difference
can be traced to the different role of the reference spinors qi in the massless and massive
cases. The diagram with the four-point vertex is proportional to
ˆH(k1,−) · ˆA(k4,−) = 〈k
[
1k
[
4〉 [q1q4]
[k[1q1] [k
[
4η]
, (4.47)
which can be made to vanish in the massless case by choosing equal reference spinors,
without affecting the result for the amplitude. In the massive case the choice of reference
spinors determines the spin axis and therefore the physical result. For the choice of reference
spinors made in Section 5, the scalar product does not vanish so the bound (4.37) is
saturated. The same conclusion is reached using the Ward identity (4.16),
A4(W
−,H
1 H
H
2 , H
H
3 ,W
−,A
4 ) ∝
1
z
(
mW4A4(W
−,H
1 H
H
2 , H
H
3 , φ
A
4 )− k4,µAµ4(W−,H1 HH2 , HH3 ,W A4 )
)
.
(4.48)
Focusing on the second term, the diagram with the four-point vertex is proportional to
ˆH(k1,−) · k4 = 〈k
[
1k
[
4〉 [k[4q1]
[k[1q1]
+
m2W4
2(q4 · k4)
〈kˆ[1(z)q4〉 [q4q1]
[k[1q1]
∝ z, (4.49)
so again equal reference spinors are required to obtain a valid shift. It is obvious that the
problematic term is absent in the massless case. As for the example in Yukawa theory, in
this case a valid Risager shift is available.
5 On-shell constructible amplitudes
In this section we establish that the following shifts are sufficient to construct all amplitudes
in SBGTs with at least five legs (or six legs for all-fermionic amplitudes):
• Three-line and in some cases two-line shifts are sufficient for the following amplitudes:
– All amplitudes with at least two transverse vector bosons.
– Amplitudes with scalars and at least two vector bosons, at least one of which is
transverse.
– All amplitudes that contain only fermions; fermions and vector bosons; fermions
and SM-like Higgs bosons; or generic scalars and at least two fermion pairs.
• Five-line shifts are required for amplitudes with only scalars.
• Four-line shifts are sufficient for all other cases.
Here “SM-like” Higgs bosons are defined as scalars that couple to vector bosons through
vertices of type HWW but not through HHW vertices. Furthermore, three-line shifts are
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sufficient for amplitudes of scalars charged under an unbroken U(1) symmetry [5], which
is, however, not present for the SM Higgs boson in the broken phase. The above conditions
apply when all legs are massive. For at least two massless vector bosons or fermions, the
familiar conditions for massless BCFW shifts [2,23,24,40] can be used. We do not consider
the case of shifts with one massless particle explicitly; see [23] for a discussion of shifts with
massive and massless quarks and gluons. Compared to the results for an unbroken gauge
theory with fermionic and scalar matter fields [5], the new feature are four-line shifts for
longitudinal gauge bosons, which arise by exploiting little-group transformations.
The above statements are derived in the remainder of this section. In the study of
the z → ∞ behaviour we make use of the ability to perform different types of shifts for
different spin states of the external particles. This requires a choice of spin axes for the
shifted particles so that all required shifts are feasible. Such a choice is introduced in
Section 5.1. The conditions for allowed shifts for this setup are summarized in Section 5.2
while the minimal shifts required for the construction of different classes of amplitudes are
investigated in Section 5.3.
5.1 Choice of reference spinors for all spin configurations
To define the spin axes for all particles in a way that allows to perform different types
of shifts depending on the spins of the particles, two “reference particles” will be singled
out. For definiteness, these particles will be assigned the momenta k1 and kn. Since the
choice of a spin axis is not necessary for purely scalar amplitudes, in all relevant cases it
is possible to choose at least one particle with spin as reference particle. As in (3.40) the
reference momenta can be expressed in terms of two light-like vectors l1/n according to
k1 = l1 + αnln, kn = α1l1 + ln. (5.1)
The reference spinors for the two selected legs are chosen as
q1,α = ln,α, q1,α˙ = ln,α˙, (5.2)
qn,α = l1,α, qn,α˙ = l1,α˙, (5.3)
while those for all other legs are taken as
qi,α = ln,α, qi,α˙ = l1,α˙. (5.4)
A similar construction was used in [23].
Provided the amplitudes for all spin states can be computed recursively with this choice
of spin axes, the amplitudes for arbitrary spin axes follow from little-group transformations.
It is even sufficient to keep the spin quantum number of one particle fixed, for instance by
taking sn as negative. This information allows to reconstruct the amplitudes for arbitrary
spin axes of the remaining legs using the little-group transformations (2.27) and (2.39),
A(Φ
s′1
1 , . . . ,Φ
s′n−1
n−1 ,Φ
−
n ) =
∑
s1
· · ·
∑
sn−1
R(S1)s′1,s1 . . .R
(Sn−1)
s′n−1,sn−1
A(Φs11 , . . . ,Φ
sn−1
n−1 ,Φ
−
n ). (5.5)
Since now the spin axes for all particles are independent, the operator J+kn (2.16) can be
used to raise the spin of the last particle.
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5.2 Explicit form of shifts
The choice of reference spinors of Section 5.1 allows to perform all of the types of shifts
constructed in Section 3. We summarize the explicit form and the conditions for the shifted
legs in order to obtain an allowed shift.
Two-line BCFW-type shift
The choice of reference spinors (5.2) and (5.3) allows to shift the two reference particles
by a two-line BCFW shift (3.44),
kˆ[,H1,α(z) = l1,α + zln,α, kˆ
[,H
1,α˙(z) = l1,α˙,
kˆ[,An,α(z) = ln,α, kˆ
[A
n,α˙(z) = ln,α˙ − zl1,α˙. (5.6)
For the internal lines in the recursion relation (3.11), the reference spinors qF ,α˙ = ηα˙ = l1,α˙
and qF ,α = ηα = ln,α are the same as for the external legs (5.4). A valid recursion relation
is obtained from the bound (4.24) if
γ ≤ 1− s1 + sn < 0. (5.7)
This allows to shift the following combinations of particles,
W+,H1 W
−,A
n , ψ
+,H
1 W
−,A
n , W
+,H
1 ψ
−,A
n , ψ
+,H
1 ψ
−,A
n . (5.8)
Two fermions may only be shifted if they belong to different fermion lines [23] since in
this case the skeleton amplitude necessarily includes two fermionic background insertions
so that the condition (5.7) improves to
γ ≤ −s1 + sn < 0. (5.9)
For amplitudes with massless particles not all allowed shifts are found by this simple power-
counting analysis; in particular shifts of particles with identical helicities are possible [2].
We argue at the end of Section 5.3 that similar improvements are not expected for shifts
of massive particles.
Holomorphic Risager-type shift
An h-line shift, which may include the reference momentum k1 but not kn, is possible with
the shift spinor ηα = ln,α and the shifted momenta
kˆ[,Hi,α(z) = k
[
i,α + zciln,α, kˆ
[,H
i,α˙(z) = k
[
i,α˙. (5.10)
Therefore h + 1-point functions can be constructed with an h-line Risager shift for the
above choice of spin axes.7 The reference spinors for the internal line in the recur-
sion (3.11) are fixed according to (3.50), which implies that the holomorphic reference
7Since a choice of spin axes is not necessary for all-scalar amplitudes, the five-scalar amplitude can be
constructed from a five-line shift.
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spinor qF ,α = ηα = ln,α in the subamplitudes is the same as for the full amplitude. Ac-
cording to the bound (4.30), a valid h-line recursion relation for dimensionless coupling
constants is obtained if the spin projections of the shifted legs satisfy∑
S
si > 4− h. (5.11)
Anti-holomorphic Risager-type shift
In an h-line shift with shift spinor ηα˙ = l1,α˙ all legs including the reference momentum kn,
but not k1, can be shifted as
kˆ[,Aj,α(z) = k
[
j,α, kˆ
[,A
j,α˙(z) = k
[
j,α˙ + zdjl1α˙. (5.12)
The subamplitudes inherit the anti-holomorphic reference spinor, qF ,α˙ = ηα˙ = l1,α˙. A valid
recursion relation is obtained for ∑
S
sj < −(4− h). (5.13)
Mostly holomorphic BCFW-type shift
An holomorphic shift is applied to h−1 momenta (which may include k1) while the reference
momentum kn is shifted anti-holomorphically,
kˆ[,Hi,α(z) = k
[
i,α + zciln,α, kˆ
[,H
i,α˙(z) = k
[
i,α˙,
kˆ[,An,α(z) = ln,α, kˆ
[A
n,α˙(z) = ln,α˙ + zdnl1,α˙. (5.14)
As for the holomorphic Risager shift, the subamplitudes have the same common holomor-
phic reference spinor qF ,α = ηα = ln,α according to (3.60). If leg n has negative spin
projection, a valid recursion relation is obtained from (4.37) for∑
S
si − 2sAn =
∑
H
si + |sAn| > 4− h. (5.15)
Mostly anti-holomorphic BCFW-type shift
Here the reference momentum k1 is shifted holomorphically and h − 1 momenta (which
may include kn) are shifted anti-holomorphically,
kˆ[,H1,α(z) = l1,α + zc1ln,α, kˆ
[,H
1,α˙(z) = l1,α˙, (5.16)
kˆ[,Aj,α(z) = k
[
j,α, kˆ
[A
j,α˙(z) = k
[
j,α˙ + zdjl1,α˙. (5.17)
The subamplitudes have the same common anti-holomorphic reference spinor qF ,α˙ = ηα˙ =
l1,α˙. If leg one has positive spin projection, a valid recursion relation is obtained for∑
S
sj − 2sH1 =
∑
A
sj − |sH1 | < −(4− h). (5.18)
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5.3 Minimal required shifts
It is now possible to identify the minimal number of shifted legs necessary to construct a
given amplitude and verify the claims made in the beginning of this section. Recall that
little-group transformations allow to reconstruct amplitudes with general spin quantum
numbers from amplitudes where the reference particle n has spin −1
2
or −1, provided the
amplitudes for arbitrary spin configurations of the remaining particles are known for a
fixed choice of reference legs 1 and n.
5.3.1 Five-line constructible amplitudes
All amplitudes are constructible either from holomorphic or anti-holomorphic five-line Ris-
ager shifts since the condition |∑S si| ≥ 0 is obviously always satisfied. This agrees with
the conclusion from the massless case [5].
5.3.2 Four-line constructible amplitudes
The following four-line shifts are possible:
• Holomorphic (anti-holomorphic) Risager shifts for ∑H si > 0 (∑A sj < 0).
• Mostly holomorphic BCFW-type shifts provided the holomorphically shifted particles
satisfy
∑
H si > −|sn| for sn < 0.
• Mostly anti-holomorphic BCFW-type shifts provided the anti-holomorphically shifted
particles satisfy
∑
A sj < s1 for s1 > 0.
Therefore all amplitudes are four-line Risager constructible unless
∑
S si = 0. In this
case, amplitudes with at least one fermion pair or vector boson can be constructed with a
BCFW-type shift with a particle of negative spin projection as reference leg n. The only
amplitudes that are not four-line constructible are therefore amplitudes with only scalars.8
5.3.3 Three-line constructible amplitudes
The following three-line shifts are possible:
• Holomorphic (anti-holomorphic) Risager shifts for ∑H si > 1 (∑A sj < −1).
• Mostly holomorphic BCFW-type shifts provided the holomorphically shifted particles
satisfy
∑
H si > 1− |sn| for sn < 0.
• Mostly anti-holomorphic BCFW-type shifts provided the anti-holomorphically shifted
particles satisfy
∑
A sj < s1 − 1 for s1 > 0.
We now determine all amplitudes that can be constructed using three-line shifts, ensuring
that all spin configurations can be computed for a fixed choice of reference particles. In
some cases, also the two-line shifts (5.8) can be used.
8Amplitudes with only longitudinal vector bosons can be obtained from the allowed four-line BCFW
shift W 0,HW 0,HW 0,HW−,An using the little group raising operator on the reference leg with negative spin.
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Vector-boson amplitudes
Two vector bosons W s11 and W
−
n are selected as reference particles. A two-line BCFW
shift is possible for the spin configuration W+,H1 W
−,A
n . For other spin projections of W1,
anti-holomorphic Risager shifts W si,Ai W
sj ,A
j W
−,A
n can be applied if the amplitude contains
two further vector bosons with si + sj ≤ −1 while mostly holomorphic BCFW shifts
W si,Hi W
sj ,H
j W
−,A
n are possible for si+sj ≥ 1. These shifts cover all amplitudes with at least
five vector bosons apart from those where all vector bosons besides the two reference legs
are longitudinal, where four-line shifts can be applied as discussed above.
Amplitudes with scalars and vector bosons
A scalar φ1 and a vector boson W
−
n can be selected as reference particles. For ampli-
tudes with at least one additional transverse vector boson Wi, either a mostly-holomorphic
BCFW shift φH1W
+,H
i W
−,A
n is possible or one can select a further particle Φj ∈ {W−j ,W 0j , φj}
so that an anti-holomorphic Risager shift W−,Ai Φ
A
jW
−,A
n can be performed. This covers all
amplitudes with scalars and at least two vector bosons, unless all vector bosons besides
W−n are longitudinal where again a four-line shift is required.
For amplitudes with scalars and only one vector boson, neither the condition
∑
A sj <
−1 for a Risager shift or ∑H si > 0 for a mostly holomorphic BCFW shift can be satisfied.
However, such amplitudes do not appear for SM-like Higgs bosons, which only couple to
pairs of vector bosons.
Amplitudes with scalars and fermions
A scalar φ1 and a fermion ψ
−
n can be chosen as reference particles. For amplitudes with
at least two fermion pairs there must be two additional fermions with equal spin quantum
number so that a mostly-holomorphic BCFW shift ψ+,Hi ψ
+,H
j ψ
−,A
n or an anti-holomorphic
Risager shift ψ−,Ai ψ
−,A
j ψ
−,A
n are possible.
For amplitudes with only one fermion pair, the conditions for a three-line shift cannot
be satisfied for generic scalar particles. However, the situation improves for SM-like Higgs
bosons without HHW couplings. In this case there are no internal vector-boson lines and
at least one scalar background insertion must appear in the skeleton amplitudes for the
shifts φHψ+,Hψ−,An and φ
Aψ−,Aψ−,An . This improves the scaling, for example in case of the
BCFW-type shift (4.37),
γHBCFW ≤
1
2
(1− bφ)− |sAn| = −
1
2
, (5.19)
and similarly for the Risager shift (4.30). Therefore, all amplitudes with SM-like Higgs
bosons and one fermion pair are three-line constructible. For the case of four-point ampli-
tudes, this can be checked in the example given in Section 4.5.
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Amplitudes with a fermion pair and vector bosons
A fermion ψs11 and a vector boson W
−
n can be taken as reference particles. A two-line
BCFW shift can be performed for the spin configuration ψ+,H1 W
−,A
n . Otherwise, a Risager
shift ΦsiAi Φ
sj ,A
j W
−,A
n or a BCFW-type shift Φ
si,H
i Φ
sjH
j W
−,A
n can be performed if the amplitude
contains two additional particles with si + sj < 0 or si + sj > 0, respectively. Since the
amplitude must contain a second fermion with s = ±1
2
, one of these conditions can always
be fulfilled for amplitudes with arbitrary remaining particle content.
Amplitudes with only fermions
We consider all-fermionic amplitudes with at least six legs and assume every fermion can
be uniquely assigned to one fermion line for all Feynman diagrams contributing to the
amplitude.9 Then two fermions from different fermion lines can be chosen as reference
particles ψs11 and ψ
−
n . If reference particle one has positive spin, a two-line BCFW shift
ψ+,H1 ψ
−,A
n is possible. For negative spin projection of leg one, it is always possible to
perform a mostly-holomorphic BCFW shift ψ+,Hi ψ
+,H
j ψ
−,A
n or an anti-holomorphic Risager
shift ψ−,Ai ψ
−,A
j ψ
−,A
n since two of the remaining (at least four) fermions must have the same
spin quantum number. This conclusion agrees with [23], however, here we do not require
the additional condition that the reference particle ψ1 and the three shifted legs all belong
to different fermion lines.
Therefore we have verified all cases of three-line constructible amplitudes given in the
beginning of Section 5.
Further improvements?
As mentioned above, for massless particles also two-line BCFW shifts of legs with equal he-
licity are allowed, although not obvious from simple power-counting. This may be proven
for instance using an auxiliary three-line recursion [18, 23] or a background field analy-
sis [24]. While we have not performed a comprehensive analysis, such improvements do
not appear to be possible for massive particles. For massive quarks, it is known that
BCFW shifts of two legs with the same spin are not allowed [23]. As a starting point of the
inductive proof using auxiliary shifts, three-point amplitudes involving the two shifted legs
must vanish for z →∞ [23]. For a two-line shift of two massive vector bosons W−,H1 W−,An
and the choice of reference spinors as in Section 5.1, this induction assumption is violated
since three-point functions for an unshifted vector boson W−i and the the two shifted vector
bosons do not vanish for z →∞,
A3(Wˆ
−,H
1 ,W
−
i , Wˆ
−,A
n ) ∝
(
ˆH(k1,−) · ˆA(kn,−)
) (
(ki,−) · kAn(z)
) ∼ z0, (5.20)
since ˆH(k1,−) · ˆA(kn,−) 6= 0 as in (4.47). This is another example for the dependence of
the large-z behaviour on the choice of spin axis discussed in Section 4.5.
9It is always possible to construct partial amplitudes with this property by assigning the fermions pairs
to different, possibly artificial, generations and assuming flavour-mixing matrices to be diagonal.
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6 Application to selection rules
Selection rules for helicity amplitudes of massless particles with arbitrary multiplicities are
well known, see e.g. [41, 42] for reviews. In particular, gluonic amplitudes vanish if all
gluons have the same helicity or only one has a different helicity. The first nonvanishing
amplitudes are the so-called maximally helicity violating (MHV) amplitudes, which have
a very simple all-multiplicity expression. The corresponding selection rules for amplitudes
with massive particles are less restrictive and depend on the choice of spin axes. Selection
rules for all-multiplicity amplitudes with massive vector bosons have been derived from
supersymmetric identities [8, 43] or using diagrammatic arguments [26]. Here we provide
an alternative derivation of some of these results as an application of on-shell recursion
relations for amplitudes with massive vector bosons. We furthermore discuss the role
played by the choice of spin axes.
For the derivation of the selection rules, it is useful to deviate slightly from the choice
of spin axes of Section 5.1 and choose the reference spinors of all remaining particles in
terms of the momentum and spin axis of one reference particle n:
qi,α = k
[
n,α, qi,α˙ = qn,α˙. (6.1)
Relations with an exchanged role of positive and negative spin projections can be derived
for reference spinors qi,α = qn,α and qi,α˙ = k
[
n,α˙. On-shell recursion relations can be used
to show that amplitudes with only vector bosons with negative spin projection vanish for
the choice (6.1), as well as those with one additional scalar or longitudinal vector boson,
A(W−1 ,W
−
2 , . . . ,W
−
n ) = 0,
A(W 01 ,W
−
2 , . . . ,W
−
n ) = 0,
A(φ1,W
−
2 , . . . ,W
−
n ) = 0.
(6.2)
Furthermore, amplitudes where the reference particle has negative spin projection vanish if
all other vector bosons have positive spin projection, or contain one scalar or longitudinal
vector boson,
A(W+1 ,W
+
2 , . . . ,W
−
n ) = 0,
A(W 01 ,W
+
2 , . . . ,W
−
n ) = 0,
A(φ1,W
+
2 , . . . ,W
−
n ) = 0.
(6.3)
These identities are derived in Section 6.1. In Section 6.2, similar identities are derived for
amplitudes with a fermion pair and vector bosons where all spin projections are negative,
A(ψ¯−1 , ψ
−
2 ,W
−
3 , . . . ,W
−
n ) = 0, (6.4)
or all positive with the exception of the reference particle,
A(ψ¯+1 , ψ
+
2 ,W
+
3 , . . . , . . .W
−
n ) = 0, (6.5)
A(ψ¯+1 ,W
+
2 , . . . ψ
−
n ) = 0. (6.6)
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All amplitudes appearing in these selection rules vanish in the massless limit. For
the massive case, however, the selection rules are valid only for the spin axes defined by
the choice of reference spinors (6.1). These results are compatible with relations valid in
massive supersymmetric theories for the same choice qi,α = k
[
n,α of holomorphic reference
spinors [8]. In section 6.3, little-group transformations are used to transform these selection
rules into a frame with a common spin axis for all particles, as used in [26]. In this frame,
the selection rules (6.2) and (6.4) continue to hold exactly, while the amplitudes appearing
in the other selection rules are mass-suppressed in the high-energy limit.
6.1 Selection rules for bosonic amplitudes
For the set of amplitudes (6.2) it is possible to perform a three-line anti-holomorphic
Risager shift W−,Al W
−,A
m W
−,A
n with arbitrary shift spinor ηα˙ so that the amplitudes satisfy
the recursion
A(Φ1, . . .W
−
l , . . . ,W
−
m , . . . ,W
−
n )
=
∑
F ,s
AF(Φ1, . . . Wˆ
−,A
l . . . Φˆ
s
F)
i
K2F −M2F
AF ′(Φˆ−sF ′ , . . . , Wˆ
−,A
m . . . Wˆ
−,A
n . . . ) + . . . , (6.7)
where Φ1 ∈ {W−,W 0, φ} and ΦsF ∈ {W s, φ}. The dots indicate similar contributions with
a different distribution of the shifted legs over the factorized subamplitudes.
For the anti-holomorphic Risager shift, all scalar products of polarization vectors with
negative spin projection vanish for all external and internal lines,
(ki,−) · (kj,−) = 0, (6.8)
since all external and internal lines are defined using the same anti-holomorphic reference
spinor, qF ,α˙ = qi,α˙ = qn,α˙. This implies the selection rules for three-point vertices,
A3(Φi,W
−
j ,W
−
k ) = 0, (6.9)
where all particles may be shifted or unshifted, as well as external or internal. The result
for Φi = {W−i , φi} follows trivially since all terms in the vertex involve a scalar product
of two polarization vectors. For the longitudinal polarization Φi = W
0
i , the selection rule
follows from the Ward identity (4.11) since the choice of reference spinors (6.1) implies the
identity
(kj,−) · ri = 0 (6.10)
for all internal or external legs, where the remainder vector rµ ∝ qµ is defined in (4.14).
The recursion relation (6.7) allows to construct the four-point amplitudes from three-
point amplitudes as input. The selection rules for the three point functions imply that all
possible combinations of three-point building blocks appearing in the numerator for the
different factorization channels vanish, i.e.∑
s
A3(Φ1, Wˆ
−,A
l , Φˆ
s
F)A3(Φˆ
−s
F ′ , Wˆ
−,A
m , Wˆ
−,A
n ) = 0. (6.11)
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This verifies the selection rules (6.2) for four-point functions. By induction, the argument
generalizes to general multiplicities due to the structure of the recursion relation (6.7).
For the amplitudes (6.3) it is possible to perform a mostly-holomorphic BCFW three-
line shift (3.59) W+,Hl W
+,H
m W
−,A
n , which leads to a recursion relation of a similar form
as (6.7) up to the different spin labels. Internal lines in the recursion relations are defined
by the same holomorphic reference spinor qF ,α = qi,α = k[n,α as all external line apart from
the reference leg n. Therefore the polarization vectors with positive spin projection share
the same reference spinor for internal and external lines. This choice implies that the scalar
products
(ki,+) · (kj,+) = 0, (ki,±) · ˆA(kn,−) = 0, (6.12)
vanish where i and j denote arbitrary vector bosons, including the reference leg n. This
implies the selection rules
A3(Φi,W
+
j ,W
+
k ) = 0 (6.13)
with Φi = {W+i ,W 0i , φi} for three-point functions of generic vector bosons and
A3(Φi,W
+
j , Wˆ
−,A
n ) = 0 (6.14)
for three-point functions involving the reference leg. The selection rules for longitudinal
vector bosons hold since the choice of spin axes ensures
(kj,+) · ri = 0 = ˆA(kn,−) · ri (6.15)
for all legs i and j. In analogy to the discussion for the Risager shift, it is seen that all
possible combinations of three-point amplitudes contributing to the recursive construction
of the four-point amplitude vanish,∑
s
A3(Φ1, Wˆ
+,H
l , Φˆ
s
F)A3(Φˆ
−s
F ′ , Wˆ
+,H
m , Wˆ
−,A
n ) = 0, (6.16)∑
s
A3(Wˆ
+,H
l , Wˆ
+,H
m , Φˆ
s
F)A3(Φˆ
−s
F ′ ,Φ1, Wˆ
−,A
n ) = 0. (6.17)
The selection rules (6.3) for arbitrary multiplicities follow by induction using the recursion
relation.
6.2 Selection rules for amplitudes with a fermion pair
Similar to the bosonic case, the selection rule (6.4) for a fermion pair and an arbitrary
number of vector bosons with identical spin labels can be established by a three-line anti-
holomorphic Risager shift ψ−,Al W
−,A
m W
−,A
n . In the recursion relation, contributions from
internal boson and fermion lines must be taken into account,
A(ψ¯−1 , . . . , ψ
−
l , . . . ,W
−
m , . . . ,W
−
n )
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=
∑
F ,s
AF(ψ¯−1 , . . . ψˆ
−,A
l . . . Φˆ
s
F)
i
K2F −M2F
AF ′(Φˆ−sF ′ , . . . , Wˆ
−,A
m , . . . Wˆ
−,A
n . . . )
+
∑
F ,s
AF(ψ¯−1 , . . . Wˆ
−,A
m . . . ψˆ
s
F)
i
K2F −M2F
AF ′( ˆ¯ψ−sF ′ , . . . , ψˆ
−,A
l , . . . Wˆ
−,A
n . . . ) + . . . , (6.18)
where again the dots indicate contributions with a different distributions of the shifted legs
over the subamplitudes.
Selection rules for the three-point fermion amplitudes can be inferred from the contrac-
tions of Dirac spinors (2.23) with the polarization vectors (2.35),
/(ki,−)u(kj,−12) ∝
(
−k[i,αmj [qiqj ][qjk[j ]
qi,α˙ 〈k[ik[j〉
)
. (6.19)
This implies the selection rule for three-point functions for generic legs,10
A3(ψ
−
i ,W
−
j , ψ
−
k ) = 0, (6.20)
since the same anti-holomorphic reference spinors enter the left-handed polarization vectors
and spinors of all external or internal particles, including the reference leg.
In the recursive construction of the four-point amplitude using (6.18), the contributing
products of three-point amplitudes all vanish for arbitrary spin states of the intermediate
particle, ∑
s
A3(ψ¯
−
1 , ψˆ
−,A
l , Φˆ
s
F)A3(Φˆ
−s
F ′ , Wˆ
−,A
m , Wˆ
−,A
n ) = 0, (6.21)∑
s
A3(ψ¯
−
1 , Wˆ
−,A
m , ψˆ
s
F)A3(
ˆ¯ψ−sF ′ , ψˆ
−,A
l , Wˆ
−,A
n ) = 0. (6.22)
Note that the selection rules for the bosonic vertices (6.9) ensure that the properties of
the vertices involving fermions and scalars or longitudinal vector bosons are not required
to show that the four-point amplitude vanishes. Due to the structure of the recursion
relation (6.18), the selection rule (6.4) follows from induction.
The selection rules (6.5) and (6.6) can be derived using a mostly-holomorphic BCFW-
type shift ψ+,Hl W
+,H
m W
−,A
n or W
+,H
l W
+,H
m ψ
−,A
n . In analogy to (6.20), the identities
A3(ψ
+
i ,W
+
j , ψ
+
k ) = 0 (6.23)
hold since the same holomorphic reference spinor enters all wave functions of particles
with positive spin projection. For three-point amplitudes involving the reference particles,
selection rules can be inferred from the contractions
/(ki,+)uˆ
A(kn,−12) ∝
(
−qi,αmn [k
[
iqn]
[qnk[n]
k[i,α˙ 〈qik[n〉
)
, /ˆA(kn,−)u(kj,+12) ∝
(
k[n,α [qnk
[
j]
−qn,α˙mj 〈k
[
nqj〉
〈k[jqj〉
)
.
(6.24)
10For simplicity vector-like couplings are assumed. The presence of different left- and right-handed
couplings does not change the results, while for purely chiral couplings additional selection rules can arise.
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For the above choice of reference spinors, these imply the selection rules
A3(ψ¯
+
i ,W
+
j , ψˆ
−,A
n ) = 0, A3(ψ¯
+
i , ψ
+
k , Wˆ
−,A
n ) = 0, (6.25)
if a vector boson or fermion is used as reference particle.
The selection rule (6.5) is again derived inductively from the recursion relation, which
has a similar form as (6.18). For the four-point amplitude this is seen since all products of
three-point functions appearing in the recursive construction vanish,∑
Φ,s
A3(ψ¯
+
1 , ψˆ
+,H
l , Φˆ
s
F)A3(Φˆ
−s
F ′ , Wˆ
+,H
m , Wˆ
−,A
n ) = 0, (6.26)∑
s
A3(ψ¯
+
1 , Wˆ
+,H
m , ψˆ
s
F)A3(
ˆ¯ψ−sF ′ , ψˆ
+,H
l , Wˆ
−,A
n ) = 0. (6.27)
The selection rule (6.6) is derived analogously, where the contributions in the four-point
case are ∑
Φ,s
A3(Wˆ
+,H
l , Wˆ
+,H
m , Φˆ
s
F)A3(Φˆ
−s
F ′ , ψ¯
+
1 , ψˆ
−,A
n ) = 0, (6.28)∑
s
A3(ψ¯
+
1 , Wˆ
+,H
m , ψˆ
s
F)A3(
ˆ¯ψ−sF ′ , Wˆ
+,H
l , ψˆ
−,A
n ) = 0. (6.29)
6.3 Transformation to a common spin axis
The selection rules derived so far hold for a different spin axis (6.1) for legs i ∈ {1, . . . , n−1}
compared to leg n. Little-group transformations can be used to transform to a convention
where the same reference spinors are used for all particles. Taking the common reference
spinors to be those of the reference particle n, the new reference spinors are given by
q′i,α = qn,α, q
′
i,α˙ = qi,α˙ = qn,α˙. (6.30)
The expressions for the little-group rotation (B.3) imply that the elements of the transfor-
mation matrices for legs i satisfy R+− = 0 and R−− = R−1++. For the comparison with the
selection rules for a common spin axis [26], the explicit expressions of the transformations
are not required, but rather the behaviour in the high-energy limit E  mW ,mψ. Using
the scaling |ki〉 ∼ |ki] ∼
√
Ei, the matrix elements behave in the high-energy limit as
11
R−− ∼ 1, R−+ ∼ mi
Ei
, R++ ∼ 1. (6.31)
Therefore the matrices implementing the transformation of the Dirac spinors (B.4) and
vector-boson polarization vectors (B.5) are of upper triangular form, with the off-diagonal
elements suppressed by powers of m/E,(
u′(+1
2
)
u′(−1
2
)
)
=
(O(1) O(mψ
E
)
0 O(1)
)(
u(+1
2
)
u(−1
2
)
)
, (6.32)
11These relations hold independent of the scaling of the reference spinors in the high-energy limit.
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and ′(+)′(0)
′(−)
 =
O(1) O(mWE ) O((mWE )2)0 1 O(mW
E
)
0 0 O(1)
(+)(0)
(−)
 . (6.33)
The resulting expressions for ′(−), ′(0) and u′(−1
2
) imply that the selection rules (6.2)
and (6.4) for equal spin quantum numbers also hold exactly for a common spin axis. In
contrast, the amplitudes (6.3), (6.5), and (6.6) do not vanish for a common spin axis but
are suppressed by powers of m/E. For the amplitudes with only vector bosons, one finds
A′(W+1 , . . . ,W
−
n ) ∼
∑
i,j
(
mWimWj
EiEj
)
A(W+1 , . . .W
0
i , . . . ,W
0
j , . . . ,W
−
n )
+
∑
i
(
mWi
Ei
)2
A(W+1 , . . .W
−
i , . . . ,W
−
n ) + . . . , (6.34)
A′(W 01 ,W
+
2 , . . . ,W
−
n ) ∼
(
mW1
E1
)
A(W−1 ,W
+
2 , . . . ,W
−
n )
+
∑
i
(
mWi
Ei
)
A(W 01 ,W
+
2 , . . .W
0
i , . . . ,W
−
n ) . . . , (6.35)
where the dots indicate contributions that are suppressed by higher powers of (m/E). The
amplitudes with two negative spin labels on the right-hand side of these identities are
non-vanishing in the massless limit, where they are just the MHV amplitudes. The same
holds for the amplitudes A(φ1,W
+
2 , . . . φi, . . . ,W
−
n ), which arise from the high-energy limit
of amplitudes with two longitudinal vector bosons. Therefore, all suppression factors are
explicit in the above relations. These results agree with Table 1 in [26].
For amplitudes with a scalar one obtains
A′(φ1,W+2 , . . . ,W
−
n ) ∼
∑
i
(
mWi
Ei
)
A(φ1,W
+
2 , . . .W
0
i , . . . ,W
−
n ) + . . . (6.36)
In the high-energy limit, the amplitude on the right-hand side again tend to MHV-type
amplitudes with two scalars.
For the fermionic amplitudes (6.5) the little-group transformation generates two types
of contributions with a (m/E)1 suppression factor,
A′(ψ¯+1 , ψ
+
2 ,W
+
3 , . . .W
−
n ) ∼
∑
i=1,2
(
mψi
Ei
)
A(ψ¯+1 , ψ
−
i ,W
+
3 , . . . ,W
−
n )
+
∑
i
(
mWi
Ei
)
A(ψ¯+1 , ψ
+
2 ,W
+
3 , . . . ,W
0
i , . . .W
−
n ) + . . . (6.37)
Here the amplitudes in the first term on the right-hand side are of MHV type and there-
fore un-suppressed in the high-energy limit. Also the amplitudes in the second line are
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non-vanishing in the high-energy limit, as can be seen by applying the Goldstone-boson
equivalence theorem and using the helicity structure of the Yukawa coupling.12 Transform-
ing the selection rule (6.6) to a common spin axis yields
A′(ψ¯+1 ,W
+
2 , . . . ψ
−
n ) ∼
(
mψ1
E1
)
A(ψ¯−1 ,W
+
2 , . . . ψ
−
n )
+
∑
i
(
mWi
Ei
)
A(ψ¯+1 ,W
+
2 , . . .W
0
i , . . . ψ
−
n )
+
∑
i
(
mWi
Ei
)2
A(ψ¯+1 ,W
+
2 , . . .W
−
i , . . . ψ
−
n ) + . . . (6.38)
Those amplitudes on the right-hand side that are multiplied by a factor of (m/E)1 are
not of MHV type and vanish in the massless limit by helicity conservation, in case of the
amplitudes involving longitudinal vector bosons after application of the Goldstone-boson
equivalence theorem. Therefore these amplitudes are themselves suppressed by a factor
of mψ/E relative to the MHV-type amplitudes in the last line, so that all terms on the
right-hand side are effectively of order ∼ mimj/E2 for different combinations of fermion
or vector-boson masses. This is consistent with all-multiplicity results for amplitudes for
massive quarks and massless vector bosons [21,43].
The above observations shed some new light on the results of [26]: amplitudes that are
mass-suppressed for common spin axes may vanish exactly for some other choice of spin
axes. In fact, the scaling (6.31) is not limited to the particular choice (6.1) of the initial
spin axes but holds generically in the high-energy limit. However, in general R+− is non-
vanishing but of order m/E, so the sets of amplitudes (6.2) and (6.4) are expected to be
mass-suppressed for general choices of the spin axes. Therefore, amplitudes that vanish for
one choice of spin axes are mass-suppressed for generic choices. These results are consistent
with the vanishing of these amplitudes in the massless limit, but it is interesting to see
them emerge from the little-group transformations, which also allow to obtain the power
of the suppression factors.
7 Summary and conclusions
We have performed a comprehensive study of complex deformations of Born amplitudes
in spontaneously broken gauge theories and analysed the behaviour for large values of the
deformation parameter z, building on previous studies [4, 5, 23]. Based on these results
we have identified the minimal shifts necessary to obtain valid on-shell recursion relations
for amplitudes with a given particle content and spin quantum numbers. Spontaneously
broken gauge invariance has been shown to improve the large-z behaviour through the use
of Ward-identities. Since an on-shell construction of three-point and four-point amplitudes
12Here the high-energy limit is interpreted as the limit (v/E) → 0 with the scalar vacuum expectation
value v. If the limit mψ → 0 is instead implemented by sending the fermion Yukawa couplings to zero,
these amplitudes vanish.
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can be performed using little-group invariance and factorization arguments [11], we have
focused on amplitudes with five or more legs. We find that two-line or three-line shifts are
sufficient for all such amplitudes involving at least two transverse gauge bosons, amplitudes
with fermions and vector bosons, and for purely fermionic amplitudes with six or more legs.
Furthermore, all amplitudes with multiple SM-like Higgs bosons and fermions or at least
one transverse vector boson are three-line constructible. For all remaining amplitudes four-
line shifts are sufficient, with the exception of pure scalar amplitudes where five-line shifts
are required. As application, we have shown how selection rules for massive multi-boson
amplitudes follow from on-shell recursion relations and have explored the role of the choice
of spin axes using little-group transformations.
Our results for the minimal shifts are in overall agreement with those for unbroken gauge
theories with the same matter content [5], up to the results for longitudinal vector bosons,
which only arise in the massive case. This is intuitively expected from the analogy of the
large-z behaviour and the high-energy limit. However, as demonstrated by some examples,
amplitudes with massive fermions and vector bosons may show worse large-z behaviour
under extended BCFW-type shifts than massless amplitudes due to the dependence on the
spin axis or the appearance of contributions that are forbidden in the massless case by the
helicity structure.
We have presented little-group covariant expressions for shifted momenta and wave
functions but made a particular choice of spin axes to find valid shifts for all spin configu-
rations, so our final prescriptions for the shifts are not manifestly little-group invariant. The
possibility to use the covariant form for mixed shifts of massive and massless particles [30]
deserves further study. The question remains if a “spin blind” recursive construction is
possible, which does not require to specify the spin axes of massive particles. It would be
interesting to explore a possible extension of a definition of shifts for generic polarizations
of massless vector bosons [44] to the massive case.
While we have limited the discussion to renormalizable gauge theories with spin s ≤ 1,
the methods used for the estimate of the large-z behaviour of massive amplitudes could
be extended towards effective field theories or to higher-spin particles. In the former case,
on-shell recursion relations for non-linearly realised effective theories of massless particles
have been studied [6] while the application to the extension of the Standard Model by
higher-dimensional operators has been initiated recently [30]. An initial application of
on-shell recursion relations to amplitudes with massive spin-two particles was given in [45].
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A Conventions
The spinor conventions used in this paper follow [23]. The sigma matrices are defined as
σµ
αβ˙
= (1,−~σ), σ¯µα˙β = (1, ~σ), where ~σ = (σx, σy, σz) are the Pauli matrices. Four-vectors
xµ are mapped to bi-spinors according to
xαα˙ = xµσ
µ
αα˙, x
α˙α = xµσ¯
µ;α˙α. (A.1)
The conventions for the two-dimensional antisymmetric tensor are given by
εαβ = εα˙β˙ = εαβ = εα˙β˙ =
(
0 1
−1 0
)
. (A.2)
Indices of two-component Weyl spinors are raised and lowered as follows:
kα = εαβkβ, k
α˙ = εα˙β˙kβ˙, kβ˙ = k
α˙εα˙β˙, kβ = k
αεαβ. (A.3)
In the bra-ket notation spinor products are denoted as
〈pq〉 = pαqα, [qp] = qα˙pα˙, (A.4)
while contractions of spinors with “slashed” momenta are given by
〈p| /k |q] = pαkαβ˙qα˙, [p| /k |q〉 = pα˙kα˙βqβ. (A.5)
Explicit solutions for the Weyl spinors associated to a light-like momentum can be written
as
kα =
e
i
2
(χ−φ)
√
k0 + k3
(−k1 + ik2
k0 + k3
)
, kα˙ =
e−
i
2
(χ+φ)
√
k0 + k3
(
k0 + k3
k1 + ik2
)
, (A.6)
where φ is defined by k0 + k3 = |k0 + k3| eiφ. In the convention of [23], the arbitrary phase
χ is set to zero. With this convention, the complex conjugate spinors for real momenta
satisfy
(kα)
∗ = sgn(k+)kα˙, (kα˙)∗ = sgn(k+)kα, (A.7)
with k+ = k0 + k3. This implies the relations for the spinor products
〈kq〉∗ = [qk] , [qk]∗ = 〈kq〉 (A.8)
if k+, q+ > 0. The relations for the Weyl spinors for crossed momenta, p = −k are given
by
pα = i sgn(k
+)kα, p
α˙ = i sgn(k+)kα˙, pα = i sgn(k+)kα, pα˙ = i sgn(k
+)kα˙. (A.9)
43
B Little-group transformations
Since we have shown the validity of on-shell recursion relations for a particular choice of
the spin axes made in Section 5.1, it is necessary to perform little-group rotations to obtain
results in general frames. According to the dictionary (2.9), a transformation of reference
spinors {qα, qα˙} → {q′α, q′α˙} can be obtained by finding a little-group transformation that
takes k2α → k′2α and kα˙,2 → k′α˙,2 (i.e. k1α˙ → k′1α˙ ). This is achieved by the transformation
with components
R1I =
1
m
[k
′1kI ] , R
2
I = − 1
m
〈k′2kI〉 . (B.1)
It can be verified that the condition
εKLRIKR
J
L = ε
IJ (B.2)
is satisfied due to the Dirac equation (2.5) and the normalization condition (2.7). Note
that both the primed and unprimed spinors correspond to the same four-momentum and
satisfy the corresponding Dirac equation. Making the relation to the spin-axis notation
explicit, the components of R are given by
R11 =
〈k′[q〉
〈k[q〉 =
[q′| /k |q〉
[q′k′[] 〈k[q〉 ≡ R−−, R
1
2 = − m [q
′q]
[q′k′[] [k[q]
≡ R+−,
R21 = − m 〈q
′q〉
〈q′k′[〉 〈k[q〉 ≡ R−+, R
2
2 =
[k
′[q]
[k[q]
=
〈q′| /k |q]
〈q′k′[〉 [k[q] ≡ R++,
(B.3)
where k
′[ refers to the light-cone projection of k with respect to the reference vector q′.
The transformation of Dirac spinors under little group transformations (2.22) implies
the transformation of the spinors in the spin basis (2.27) with the matrix
R( 12 ) =
(
R++ R−+
R+− R−−
)
, R( 12 )−1 =
(
R−− −R+−
−R−+ R++
)
. (B.4)
These results agree with those in [23] with the identifications R++ = c11, R−− = c22,
R−+ = −c12, and R+− = −c21.
The matrix representation of the little-group transformation of the polarization vec-
tors (2.39) is found to be
R(1) =
 R2++ −√2R−+R++ −R2−+√2R++R+− R++R−− +R−+R+− √2R−−R−+
−R2+−
√
2R+−R−− R2−−
 . (B.5)
It satisfies detR = 1 and respects the orthonormalization conditions of the polarization
vectors,
R(1)γR(1)T = γ with γss′ = (s) · (s′) = −δs,−s′ . (B.6)
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C Q2F 6= 0 shifts
In an attempt to improve the large-z behaviour, one may consider giving up the require-
ment of light-like shifts for internal lines (3.5) so that propagator denominators scale like
z2 instead of z1. The form of the recursion relation valid for this case can be found in [5].
Since the shift vectors δki are always light-like, momentum conservation implies that inter-
nal lines are necessarily light-like for two-line or three-line shifts. Shifts with Q2F 6= 0 are
thus obtained for at least four shifted lines and are only constrained by the condition of
momentum conservation (3.34). Note that all shift spinors ηi should be chosen differently
since otherwise the internal shifts QF ,αα˙ factorize into two Weyl spinors for some factor-
ization channels and the corresponding propagator numerators “accidentally” scale like z.
However, keeping all ηi different implies that spinor products of shifted spinors can scale
like z2 so that the advantage of an improved large-z scaling of the propagators is partially
compensated by a worse behaviour of the numerator.
A bound for the large-z behaviour for generic Q2F 6= 0 shifts can be obtained using the
reasoning of Section 4.3. Despite choosing all ηi differently, contributions with Q
2
F = 0
can appear due to background insertions into external shifted legs. The large-z scaling
of the propagator denominators γD is therefore constrained by the mass-dimension of the
denominators according to [5]
1
2
[Dh,b] ≤ γD ≤ [Dh,b] (C.1)
instead of (4.18). The value of [Dh,b] − γD is given by the number of propagators with
Q2F = 0. A conservative upper bound is obtained by assuming all background insertions
couple through cubic vertices and lead to a propagator with light-like shift, so that
[Dh,b]− γD ≤ b. (C.2)
Instead of (4.24), the bound on the large-z scaling of the amplitude becomes
γ ≤ 4− (h+ b)− [g]− bψ
2
+ [Dh,b]− γD −
∑
H
si +
∑
A
sj
≤ 4− h−min[g]−
∑
H
si +
∑
A
sj. (C.3)
Therefore, all amplitudes in renormalizable theories are constructible from five-line shifts
with Q2F 6= 0 [5]. Since this offers no advantage over Risager-type shifts but leads to a
more complicated recursion relation, we do not consider such shifts any further.
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